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Abstract

User preferences in databases are attracting increasing interests with the boom of informa-
tion systems and the trend of personalization. In literature, there are two different frame-
works dealing with this topic, namely quantitative approaches and qualitative approaches.
The former assume the availability of a scoring function, while the latter do not. In qualita-
tive approaches, preferences are expressed using preference formulas. We investigate three
advanced topics on preferences stemming from those frameworks.

First, we study top-k queries over uncertain data in the quantitative framework. We
formulate three intuitive semantic properties for top-k queries in probabilistic databases,
and propose Global-Topk query semantics which satisfies them to a great degree. We also
design efficient dynamic programming algorithms for query evaluation.

Second, we observe that all work on top-£ queries in probabilistic database focus on
ordinal scores, however there are applications where cardinal scores are more appropriate.
This motivates our work on preference strength, where we consider the magnitude of score
in addition to the order it establishes over tuples.

Finally, as a counterpart to the top-k query in the quantitative framework, we explore the
set preference problem in the qualitative framework. Observing the fact that preferences
can also be collective in this case, our goal is to tackle this second-order problem with
first-order tools. We propose a logical framework for set preferences. Candidate sets are
represented using profiles consisting of scalar features. This reduces set preferences to

tuple preferences over set profiles. We also propose algorithms to compute the “best” sets.

viil



Chapter 1

Introduction

1.1 Motivations

1.1.1 Top-k Queries over Uncertain Databases

The study of incompleteness and uncertainty in databases has long been of interest to the
database community [35, 12, 31, 1, 27, 61, 41]. Recently, this interest has been rekin-
dled by an increasing demand for managing rich data, often incomplete and uncertain,
emerging from scientific data management, sensor data management, data cleaning and
information extraction. Dalvi et al. [20] focuses on query evaluation in traditional prob-
abilistic databases; Benjelloun et al. [4] supports uncertain data and data lineage in Trio
[55]; Olteanu et al. [49] uses the vertical World-Set representation of uncertain data in
MayBMS [46]. The standard semantics adopted in most works is the possible worlds se-
mantics [35, 27, 61, 4, 20, 49].

On the other hand, since the seminal papers of Fagin et al. [23, 25], the top-k problem
has been extensively studied in multimedia databases [48], middleware systems [45], data
cleaning [30] and core technology in relational databases [33, 34]. In the top-k problem,
each tuple is given a score, and users are interested in & tuples with the highest scores.

More recently, the top-k problem has been studied in probabilistic databases [52, 53,
51]. Those papers, however, are solving two essentially different top-£ problems. Soliman

et al. [52, 53] assumes the existence of a scoring function to rank tuples. Probabilities



provide information on how likely tuples will appear in the database. In contrast, in [51],
the ranking criterion for top-£ is the probability associated with each query answer. In
many applications, it is necessary to deal with tuple probabilities and scores at the same
time. Thus, we use the model of [52, 53]. Even in this model, different semantics for top-k
queries are possible, so a part of the challenge is to categorize different semantics.

As a motivating example, let us consider the following graduate admission example.

Example 1. A graduate admission committee needs to select two winners of a fellowship.

They narrow the candidates down to the following short list:

Name | Overall Score | Prob. of Acceptance

Aidan 0.65 0.3
Bob 0.55 0.9
Chris 0.45 0.4

where the overall score is the normalized score of each candidate based on their qualifica-
tions, and the probability of acceptance is derived from historical statistics on candidates
with similar qualifications and background.

The committee want to make offers to the best two candidates who will take the offer.
This decision problem can be formulated as a top-k query over the above probabilistic

relation, where k = 2.

In Example 1, each tuple is associated with an event, whether the candidate will accept
the offer or not. The probability of the event is shown next to each tuple. In this example,
all the events of tuples are independent, and tuples are therefore said to be independent.

Such a relation is said to be simple. In contrast, Example 2 illustrates a more general case.

Example 2. In a sensor network deployed in a habitat, each sensor reading comes with
a confidence value Prob, which is the probability that the reading is valid. The following
table shows the temperature sensor readings at a given sampling time. These data are from
two sensors, Sensor 1 and Sensor 2, which correspond to two parts of the relation, marked
C1 and Cs, respectively. Each sensor has only one true reading at a given time, therefore

tuples from the same part of the relation correspond to exclusive events.



Temp.°F (Score) Prob
22 0.6

Cy
10 0.4
25 0.1

Cs
15 0.6

Our question is: “What is the temperature of the warmest spot?”
The question can be formulated as a top-k query, where k = 1, over a probabilistic
relation containing the above data. The scoring function is the temperature. However, we

must take into consideration that the tuples in each part C;, i = 1, 2, are exclusive.

1.1.2 Set Preferences

In the previous section, preferences are modeled as scoring functions. An alternative to this
quantitative approach is the qualitative approach, where preferences are expressed using
preference formulas instead. In recent years, research adopting this approach flourishes
in the database and Al communities [7, 36, 37, 16, 8]. The issues addressed in that re-
search include preference specification, preference query languages, and preference query
evaluation and optimization. However, the research on qualitative preferences has almost
exclusively focused on object (or tuple) preferences which express preference relationships
between individual objects or tuples in a relation.

We observe that in decision making a user sometimes needs to make a group decision
based not only on the individual object properties but also on the properties of the group as

a whole. Consider the following example.

Example 3. Alice is buying three books as gifts. Here is a list of book quotes collected

from different vendors:



title | genre rating | price | vendor

a1 | sci-fi 5.0 | $15.00 | Amazon
as | biography | 4.8 | $20.00 | B&N
as | sci-fi 4.5 | $25.00 | Amazon
Book: a4 | romance 4.4 | $10.00 | B&N
as | sci-fi 4.3 | $15.00 | Amazon

ag | romance 4.2 $12.00 | B&N
a7 | biography | 4.0 | $18.00 | Amazon

ag | sci-fi 3.5 | $18.00 | Amazon
Alice needs to decide on the three books to buy. She might have any of the following

preferences:
(C1) She wants to spend as little money as possible.
(C2) She prefers to get one sci-fi book.

(C3) Ideally, she prefers that all three books are from the same vendor. If that is not

possible, she prefers to deal with as few vendors as possible.

In addition, Alice might have different combinations of the above preferences. For
example, Alice might have both (C1) and (C2), but (C2) may be more important than (ClI)
to her, i.e., Alice’s preference is a prioritized composition of (C2) and (C1 ).

The preference (Cl) can be directly simulated by a tuple preference over Book, such
that for any t1,t, € Book, ty is preferred to ty if and only if t,.price < ty.price. Then the
top 3 books in Book (according to this preference) constitute the best answer set.

However, in the other cases, e.g. (C2-C3) and the prioritized composition of (C2) and

(C1), such a simulation is not possible.

Example 3 motivates our framework for set preferences, which is based on the obser-
vation that a large class of set preferences has two components: (1) Quantities of interest;

(2) Desired value or order of those quantities.

Example 4. Here is a summary of those two components in Example 3.



Quantity of Interest Desired Value or Order
(C1) | total cost <
(C2) | number of sci-fi books 1
(C3) | number of distinct vendors <

1.2 Our Contributions

In this section, we describe our research in several directions relevant to probabilities and

sets in preference querying.

Top-% Queries over Uncertain Databases

In this topic, we assume the existence of a scoring function for top-k queries in probabilistic
databases. First, in Chapter 3, we formulate three intuitive semantic postulates and use
them to analyze and categorize different top-k semantics in probabilistic databases. We
then propose a new semantics for top-£ queries in probabilistic databases, called Global-
Topk, which satisfies the above postulates to a large degree.

Second, we exhibit polynomial algorithms for evaluating top-k queries under the Global-
Topk semantics in simple probabilistic databases and general probabilistic databases, under
injective scoring functions. We design efficient heuristics to improve the performance of
the basic algorithms. Experiments are carried out to demonstrate the efficacy of those opti-
mizations.

Third, in Chapter 4, we generalize Global-Topk semantics to general scoring func-
tions, where ties are allowed, by introducing the notion of allocation policy. We propose
dynamic-programming based algorithms for query evaluation under the Equal allocation

policy.

Preference Strength in Probabilistic Ranking Queries

In Chapter 5, we study the problem of preference strength in top-k queries in probabilistic
databases. First, we formulate two more semantic postulates of top-k queries in probabilis-

tic databases, which are related to sensitivity. Then, we propose a parameterized semantics

5



of top-k queries in probabilistic databases, called Global-Topk”*?, which considers cardinal
scores and satisfies the sensitivity postulates. Finally, we exhibit a polynomial algorithm
to elicit the parameters in the Global-Topk”® semantics. Experiments are carried out to

illustrate the influence of preference strength in the semantics.

Set Preferences

In Chapter 6, we first elaborate our set preference framework based on the qualitative tuple
preference framework in the literature [16]. Our set preference framework consists of two
components: (1) profiles: tuples of features, each of those capturing a quantity of interest;
(2) profile preference relations to specify desired values or orders.

The main idea is to construct the profiles of candidate subsets based on their features.
Since each profile is a tuple of features, the original set preference can now be formulated
as a tuple preference over the profiles. Moreover, the best subsets under the set preference
in the original relation correspond to the best profiles.

In Chapter 6, we discuss the computational issues involved in computing the best sub-
sets. Furthermore, we design efficient optimizations to significantly reduce the computation

effort, and carry out empirical study on their performance.



Chapter 2

Preliminaries

In this chapter, we review the standard notions of order theory and set theory.

2.1 Binary Relation

A binary relation > is
e irreflexive: Vx. x 3} x,
e asymmetric:Vx,y. x >y =y *} z,
e transitive: Vz,y,z. (x >y Ay > 2) =2 > 2,
e negatively transitive: Vz,y,z. (x 3 y Ay} 2) = 2 F 2,
e connected: Vz,y.x >yvy>xVvI=uy.

- A strict partial order is an irreflexive, transitive (and thus asymmetric) binary rela-

tion.
- A weak order is a negatively transitive strict partial order.

- A total order is a connected strict partial order.



2.2 Set and Multiset

The cardinality of a set s, denote by |s|, is the total number of members in s.

A multiset 1s a generalization of a set. In a set, each member has only one occurrence,
while in a multiset, each member can have more than one occurrence.

The cardinality of a multiset s, also denoted by |s|, is the total number of occurrences
in s.

A set s’ is a subset of set s if each member of s’ is also a member of s.

A multiset s’ is a multisubset of set s if each member of s’ is also a member of s.



Chapter 3

Top-£ Queries in Uncertain Databases

under Injective Scoring Functions

In this chapter, we address the problem of top-k queries in probabilistic databases, semanti-
cally and computationally. Most of the discussion focuses on the scenario when the scoring
function involved is injective, 1.e. no ties allowed. We defer the discussion of general scor-

ing functions to Chapter 4.

3.1 Basic Notions

3.1.1 Probabilistic Relations

To simplify the discussion, we assume that a probabilistic database contains a single prob-
abilistic relation. We refer to a traditional database relation as a deterministic relation.
A partition C of R is a collection of non-empty subsets of R such that every tuple be-
longs to one and only one of the subsets. That is, C = {C4,C,,...,C,,} such that
CiuCyu...uC,, = Rand C;nC; = &,1 <1 # j <m.EachsubsetC;,i =1,2,...,m
is a part of the partition C. A probabilistic relation RP has three components, a support
(deterministic) relation R, a probability function p and a partition C of the support relation
R. The probability function p maps every tuple in R to a probability value in (0, 1]. The

partition C divides R into subsets such that the tuples within each subset are exclusive and



therefore their probabilities sum up to at most 1. In the graphical presentation of R, we use

horizontal lines to separate tuples from different parts.

Definition 3.1.1 (Probabilistic Relation). A probabilistic relation RP is a triplet (R, p,C),
where R is a support deterministic relation, p is a probability function p : R — (0, 1] and

C is a partition of R such that¥Ci € C, Y, p(t) < 1.

In addition, we make the assumption that tuples from different parts of of C are inde-
pendent, and tuples within the same part are exclusive. Soliman et al. [52, 53] and R¢ et al.
[51] provide more general probabilistic database models. Definition 3.1.1 is equivalent to
the model used in Soliman et al. [52, 53] with exclusive tuple generation rules.

Example 2 shows an example of a probabilistic relation whose partition has two parts.
Generally, each part corresponds to a real world entity, in this case, a sensor. Since there
is only one true state of an entity, tuples from the same part are exclusive. Moreover, the
probabilities of all possible states of an entity sum up to at most 1. In Example 2, the sum
of the probabilities of tuples from Sensor 1 is 1, while that from Sensor 2 1s 0.7. This can
happen for various reasons. In the above example, we might encounter a physical difficulty

in collecting the sensor data, and end up with partial data.

Definition 3.1.2 (Simple Probabilistic Relation). A probabilistic relation R? = (R, p,C) is

simple iff the partition C contains only singleton sets.

The probabilistic relation in Example 1 is simple (individual parts not illustrated). Note
that in this case, |R| = |C|.
We adopt the well-known possible worlds semantics for probabilistic relations [35, 27,

61, 4, 20, 49].

Definition 3.1.3 (Possible World). Given a probabilistic relation RP = (R, p,C), a deter-

ministic relation W is a possible world of R? iff
1. W is a subset of the support relation, i.e., W < R;

2. For every part C; in the partition C, at most one tuple from C; is in W, i.e., YC; €
C, |Oz M W| <1

10



3. The probability of W (defined by Equation (3.1)) is positive, i.e., Pr(W) > 0.

Praw)=[]p@® [TQ= D] p1) (3.1)

teW C,eC’ teC;

where C' = {C; € C[W n C; = &}.

Denote by pwd(RP) the set of all possible worlds of RP.

3.1.2 Scoring function

A scoring function over a deterministic relation R is a function from R to real numbers,
ie., s : R — R. The function s induces a preference relation >4 and an indifference

relation ~4 on RR. For any two distinct tuples ¢; and ¢; from R,

ti > 5 1ff s(t;) > s(t;);

ti ~s t;1ff s(t;) = s(t;).
A scoring function over a probabilistic relation RP = (R, p,C) is a scoring function s
over its support relation R. In general, a scoring function establishes a weak order over R,
where tuples from R can tie in score. However, when the scoring function s is injective,

> 18 a total order. In such a case, no two tuples tie in score.

3.1.3 Top-k Queries

Definition 3.1.4 (Top-k Answer Set over a Deterministic Relation). Given a deterministic
relation R, a non-negative integer k and a scoring function s over R, a top-k answer set in

R under s is a set 'T" of tuples such that
1.T S R;

2. If|R| < k, T = R, otherwise |T'| = k;
INVteT Ve R=T.t >,t ort ~,t.
According to Definition 3.1.4, given k and s, there can be more than one top-k answer

set in a deterministic relation K. The evaluation of a top-£ query over R returns one of them

11



nondeterministically, say S. However, if the scoring function s is injective, S is unique,

denoted by topy, s(R).

3.2 Semantics of Top-k Queries

In the following two sections, we restrict our discussion to injective scoring functions. We

will discuss the generalization to general scoring functions in Chapter 4.

3.2.1 Semantic Postulates for Top-~ Answers

Probability opens the gate for various possible semantics for top-k queries. As the seman-
tics of a probabilistic relation involves a set of possible worlds, it is to be expected that there
may be multiple top-k answer set obtained from different worlds, even under an injective
scoring function. The answer to a top-k query over a probabilistic relation R? = (R, p,C)
should clearly be a set of tuples from its support relation 2. We formulate below three
intuitive postulates, which serve as benchmarks to categorize different semantics.

In the following discussion, denote by Ansy, ;(RP) the collection of all top-k answer

sets of IRP under the function s.

Postulates

e Static Postulates

1. Exact k: When RP is sufficiently large (|C| > k), the cardinality of every top-k

answer set S is exactly k;
IC| = k = [VS € Ansi s(RP). |S| = k].

2. Faithfulness: For every top-k answer set S and any two tuples 1, t; € R, if both
the score and the probability of ¢; are higher than those of ¢5 and ¢5 € .S, then
tl S S;

VS e ATLSk’S(Rp) th, ty € R. S(tl) > S(tQ) /\p(tl) > p(tg) Al € S = t1 € S.

12



e Dynamic Postulate

U Ansy (RP) denotes the union of all top-k answer sets of R? = (R, p,C)

under the function s. For any ¢ € R,

t is a winner iff t € U Ansy, (RP)

tisaloserifft e R — u Ansy s(RP)

3. Stability:

— Raising the score/probability of a winner will not turn it into a loser;

(a) If a scoring function s is such that s'(t) > s(t) and for every ¢’ €

R — {t}, '(t') = s(t'), then

te v Ansy (RP) = te u Ans, ¢ (RP).

(b) If a probability function p’ is such that p'(t) > p(t) and for every
t'e R—{t},p'(t') = p(t'), then

t € U Ansgs(RP) = t € U Ansy. ((RP)'),

where (RP) = (R,p,C).
— Lowering the score/probability of a loser will not turn it into a winner.

(a) If a scoring function s’ is such that s'(t) < s(¢) and for every t' €

R —{t}, s'(t') = s(t'), then

te R—u Ans(RP) =te R— u Ansy o (RP).

(b) If a probability function p’ is such that p'(¢t) < p(t) and for every
t'e R—{t},p'(t') = p(t'), then

te R—u Anss(RP) =t € R — U Ansis((RP)),

13



where (R?) = (R,p',C).

All of those postulates reflect certain requirements of top-k answers from the user.

Exact k expresses user expectations about the size of the result. Typically, a user issues
a top-k query in order to restrict the size of the result and get a subset of cardinality &
(cf. Example 1). Therefore, £ can be a crucial parameter specified by the user that should
be complied with.

Faithfulness reflects the significance of score and probability in a static environment. It
plays an important role in designing efficient query evaluation algorithms. The satisfaction
of Faithfulness admits a set of pruning techniques based on monotonicity.

Stability reflects the significance of score and probability in a dynamic environment,
where it is common that users might update score/probability on-the-fly. Stability requires
that the consequences of such changes should not be counterintuitive.

A more in-depth discussion on postulates can be found in Section 3.2.3.

3.2.2 Global-Topkt Semantics

We propose here a new top-k answer semantics in probabilistic relations, namely Global-

Topk, which satisfies the postulates formulated in Section 3.2.1 to a large degree:

¢ Global-Topk: return £ highest-ranked tuples according to their probability of being

in the top-k answers in possible worlds.

Considering a probabilistic relation R? = (R, p,C) under an injective scoring function
s, any W € pwd(RP) has a unique top-k answer set topy, ;(W). Each tuple from the support
relation R can be in the top-k answer set (in the sense of Definition 3.1.4) in zero, one or
more possible worlds of RP. Therefore, the sum of the probabilities of those possible

worlds provides a global ranking criterion.

Definition 3.2.1 (Global-Topk Probability). Assume a probabilistic relation R? = (R, p,C),
a non-negative integer k and an injective scoring function s over RP. For any tuple t in R,
the Global-Topk probability of t, denoted by P,fg (t), is the sum of the probabilities of all

possible worlds of RP whose top-k answer set contains t.
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PE(t)y= > Pr(W). (3.2)
Wepwd(RP)
tetopy,s(W)

For simplicity, we skip the superscript in P (¢), i.e., Pt s(t), when the context is un-

ambiguous.

Definition 3.2.2 (Global-Topk Answer Set in a Probabilistic Relation). Given a probabilis-
tic relation R? = (R, p,C), a non-negative integer k and an injective scoring function s

over RP, a Global-Topk answer set in RP under s is a set T of tuples such that
1. TS R;

2.If|IR| < k, T = R, otherwise |T'| = k;
Ve TV € R— T, Poy(t) = Pes().

Notice the similarity between Definition 3.2.2 and Definition 3.1.4. In fact, the proba-
bilistic version only changes the last condition, in which the Global-Topk probability plays
the role of the scoring function. This semantics preserves the nondeterministic nature of
Definition 3.1.4. For example, if two tuples are of the same Global-Topk probability, and
there are k£ — 1 tuples with a higher Global-Topk probability, Definition 3.2.2 allows one of
the two tuples to be added to the top-£ answer set nondeterministically. Example 5 gives

an example of the Global-Topk semantics.

Example 5. Consider the top-2 query in Example 1. Clearly, the scoring function here is
the Overall Score. The following table shows all the possible worlds and their probabil-
ities. For each world, the names of the people in the top-2 answer set of that world are

underlined.
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Possible World Prob

Wy =g 0.042
W, = {Aidan} 0.018
W3 = {Bob} 0.378
W, = {Chris)} 0.028
Ws = {Aidan, Bob} 0.162
Ws = {Aidan, Chris} 0.012
Wy = {Bob, Chris} 0.252

Wy = {Aidan, Bob, Chris} 0.108

Chris is in the top-2 answer of Wy, Wg, Wi, so the top-2 probability of Chris is 0.028 +
0.012 + 0.252 = 0.292. Similarly, the top-2 probability of Aidan and Bob are 0.9 and 0.3,
respectively. 0.9 > 0.3 > 0.292, therefore Global-Topk will return { Aidan, Bob}.

Note that top-k answer sets may be of cardinality less than & for some possible worlds.

We refer to such possible worlds as small worlds. In Example 5, W, 4 are all small worlds.

3.2.3 Other Semantics

We present here the most well-established top-%£ semantics in the literature.

Soliman et al. [52] proposes two semantics for top-k queries in probabilistic relations.
o U-Topk: return the most probable top-k answer set that belongs to possible world(s);

e U-kRanks: fori = 1,2,. .., k, return the most probable i‘"-ranked tuples across all

possible worlds.

Hua et al. [32] independently proposes PT-k, a semantics based on Global-Topk prob-
ability as well. PT-k takes an additional parameter: probability threshold p, € (0, 1].

e PT-k: return every tuple whose probability of being in the top-£ answers in possible

worlds is at least p,.

Example 6. Continuing Example 5, under U-Topk semantics, the probability of top-2 an-
swer set {Bob} is 0.378, and that of { Aidan, Bob} is 0.162 + 0.108 = 0.27. Therefore,
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{Bob} is more probable than {Aidan, Bob} under U-Topk. In fact, {Bob} is the most
probable top-2 answer set in this case, and will be returned by U-Topk.

Under U-kRanks semantics, Aidan is in 1°* place in the top-2 answer of Wy, Ws, W,
W, therefore the probability of Aidan being in 1% place in the top-2 answers in the possible
worlds is 0.018 4+ 0.162 + 0.012 + 0.108 = 0.3. However, Aidan is not in 2" place in the
top-2 answer of any possible world, therefore the probability of Aidan being in 2™ place is

0. This is summarized in the following table.

Aidan Bob Chris
Rank 1 0.3 0.63 0.028
Rank 2 0 0.27 0.264

U-kRanks selects the tuple with the highest probability at each rank (underlined) and
takes the union of them. In this example, Bob wins at both Rank 1 and Rank 2. Thus, the
top-2 answer returned by U-kRanks is { Bob}.

PT-E returns every tuple with its Global-Topk probability above the user specified
threshold p,, therefore the answer depends on p,. Say p, = 0.6, then PT-k return { Aidan},
as it is the only tuple with a Global-Topk probability at least 0.6.

The postulates introduced in Section 3.2.1 lay the ground for analyzing different seman-
tics. In Table 3.1, a single “v"” (resp. “x”’) indicates that postulate is (resp. is not) satisfied
under that semantics. “v’/x” indicates that, the postulate is satisfied by that semantics in

simple probabilistic relations, but not in the general case.

Semantics Exact k | Faithfulness | Stability
Global-Topk v v'Ix v
PT-k X v'Ix v
U-Topk X VX v
U-kRanks X X X

Table 3.1: Postulate Satisfaction for Different Se-

mantics
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For Exact k, Global-Topk is the only semantics that satisfies this postulate. Example
6 illustrates the case where U-Topk, U-kRanks and PT-k violate this postulate. It is not
satisfied by U-Topk because a small possible world with a high probability could dominate
other worlds. In this case, the dominating possible world might not have enough tuples. It
is also violated by U-kRanks because a single tuple can win at multiple ranks in U-kRanks.
In PT-£, if the threshold parameter p. is set too high, then less than £ tuples will be returned
(as in Example 6). As p, decreases, PT-k return more tuples. In the extreme case when p,
approaches 0, every tuple with a positive Global-Topk probability will be returned.

For Faithfulness, Global-Topk violates it when exclusion rules lead to a highly re-
stricted distribution of possible worlds, and are combined with an unfavorable scoring
function (see Appendix A (5)). PT-k violates Faithfulness for the same reason (see Ap-
pendix A (6)). U-Topk violates Faithfulness since it requires all tuples in a top-k answer
set to be compatible. This postulate can be violated when a high-score/probability tuple
could be dragged down arbitrarily by its compatible tuples which are not very likely to
appear (see Appendix A (7)). U-kRanks violates both Faithfulness and Stability. Under U-
kRanks, instead of a set, a top-k answer is an ordered vector, where ranks are significant.
A change in a tuple’s probability/score might have unpredictable consequence on ranks,
therefore those two postulates are not guaranteed to hold (see Appendix A (8)(12)).

Faithfulness is a postulate which can lead to significant pruning in practice. Even
though it is not fully satisfied by any of the four semantics, some degree of satisfaction
can still be beneficial, as it will help us find pruning rules. For example, our optimization
in Section 3.3.2 explores the Faithfulness of Global-Topk in simple probabilistic databases.
Another example: one of the pruning techniques in [32] explores the Faithfulness of exclu-
sive tuples in general probabilistic databases as well.

See Appendix A for the proofs of the results in Table 3.1.

It worths mentioning here that the intention of Table 3.1 is to provide a list of semantic
postulates, so that users would be able to choose the appropriate postulates for an applica-
tion. For example, in a government contract bidding, only £ companies from the first round
will advance to the second round. The score is inverse to the price offered by a company,

and the probability is the probability that company will complete the task on time. The
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constraint of k is hard, and thus Exact k is a must for the top-k semantics chosen. In con-
trast, during college admission, where the score reflects the qualifications of an applicant
and the probability is the probability of offer acceptance, while we intend to have a class of
k students, there is usually room for fluctuation. In this case, Exact k is not a must. It is the
same story with Faithfulness and Stability: Faithfulness is required in applications such as
auctions, where the score is the value of an item and the probability is the availability of the
item. In this case, it is natural to aim at the “best deals”, i.e., items with high value and high
availability. Stability is a common postulate required by many dynamic applications. For
example, we want to maintain a list of £ best sellers, where the score is inverse to the price
of an item and the probability is its availability. It is to be expected that a discounted price
and improved availability of an item should not have an adverse influence on the item’s
stand on the list of k best sellers!.

In short, we are not advertising that a specific semantics is superior/inferior to any
other semantics using Table 3.1. Rather, with the help of Table 3.1, we hope that users
will be able to search for the most appropriate semantics based on the right combination of
postulates for their applications.

Recently, Cormode et al. [19] proposed a new semantics, Expected Rank, and showed
that it satisfies Exact k and Stability, but not Faithfulness. They also introduced new
postulates: containment, unique-rank and value-invariance, and studied the postulate sat-
isfaction of different semantics including Global-Topk. Roughly speaking, containment
stipulates the containment relationship between top-£ answers when increasing k in top-k
queries. Unique-rank demands a uniquely ranked list of tuples as the top-k answer. Value-
invariance requires that the top-k answer stays the same as long as the change in the scoring
function is order-preserving. Some of those three postulates are more intuitive than others.

However, again, it is up to the application to decide on the desirable subset of postulates.

'In real life, we sometimes observe cases when stability does not hold: a cheaper Wii console with
improved availability does not make it more popular than it was. The reason could be psychological.
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3.3 Query Evaluation under Global-Topk

3.3.1 Simple Probabilistic Relations

We first consider a simple probabilistic relation R? = (R, p,C) under an injective scoring

function s.

Proposition 3.3.1. Given a simple probabilistic relation R? = (R, p,C) and an injective
scoring function s over RP, if R = {t1, ta, ..., t,} and t; >4ty >, ... > t,, the following

recursion on Global-Topk queries holds:

0 k=0
q(k,i) = { p(ti) ) 1<i<k (3.3)
(q(k,i— 1)§E?:3 +q(k—1,i—1))p(t;) otherwise

where q(k,i) = Py s(t;) and p(t;—1) = 1 — p(t;_1).

Proof. See Appendix B.
Notice that Equation (3.3) involves probabilities only, while the scores are used to de-

termine the order of computation.

Example 7. Consider a simple probabilistic relation R? = (R, p,C), where R = {t;, t,
ts, ta}, p(t;) = pi, 1 <1 <4, C = {{t1}, {t2}, {ts}, {ts}}, and an injective scoring function
s such that t| >, ty >4 t3 > t4. The following table shows the Global-Topk probability of

t;, where 0 < k < 2.

k|t t t3 l4

0|0 O 0 0

I\ p1 Dip2 DiDaps D1D2P3P4

2/p1 P2 (P2+DPiP2)Ps ((P2 + P1P2)Ps
+P1DP2P3)Pa

Row 2 (bold) is each t;’s Global-Top?2 probability. Now, if we are interested in a top-2

answer in RP, we only need to pick the two tuples with the highest value in Row 2.
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Theorem 3.3.1 (Correctness of Algorithm 1). Given a simple probabilistic relation RP =
(R,p, C), a non-negative integer k and an injective scoring function s, Algorithm 1 cor-

rectly computes a Global-Topk answer set of RP under the scoring function s.

Proof. Algorithm 1 maintains a priority queue to select the & tuples with the highest
Global-Topk value. Notice that the nondeterminism is reflected in Line 6 of Algorithm
1 as the maintenance of the priority queue in the presence of tying elements. As long as
Line 2 of Algorithm 1 correctly computes the Global-Topk probability of each tuple in R,
Algorithm 1 returns a valid Global-Topk answer set. By Proposition 3.3.1, Algorithm 2

correctly computes the Global-Topk probability of tuples in R. [

Algorithm 1 is a one-pass computation over the probabilistic relation, which can be
easily implemented even if secondary storage is used. The overhead is the initial sorting
cost (not shown in Algorithm 1), which would be amortized by the workload of consecutive

top-k queries.

Algorithm 1 (Ind_Topk) Evaluate Global-Topk Queries in a Simple Probabilistic Relation
under an Injective Scoring Function
Require: R? = (R,p,C), k
(tuples in R are sorted in the decreasing order based on the scoring function s)
1: Initialize a fixed cardinality (k + 1) priority queue Ans of {t, prob) pairs, which com-
pares pairs on prob, i.e., the Global-Topk probability of t;
2: Calculate Global-Topk probabilities using Algorithm 2, i.e.,

q(0... %k, 1...|R|) = Ind_Topk_Sub(R?, k);

for i = 1to |R| do
Add {t;, q(k,i)) to Ans;
if | Ans| > k then
remove a pair with the smallest prob value from Ans;
end if
end for
return {¢;[{t;, q(k,i)) € Ans};

R N

Algorithm 2 takes O(kn) to compute the dynamic programming (DP) table. In addition,
Algorithm 1 uses a priority queue to maintain the & highest values, which takes O(n log k).

Altogether, Algorithm 1 takes O(kn) time.
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Algorithm 2 (Ind_Topk_Sub) Compute Global-Topk Probabilities in a Simple Probabilis-
tic Relation under an Injective Scoring Function

Require: R? = (R,p,C), k
(tuples in R are sorted in the decreasing order based on the scoring function s)

1: ¢(0,1) =0;

2: for k' = 1tok do

3 g(k,1) = p(ty);

4: end for

5: fori = 2to |R| do

6: fork’ =0tok do

7: if ¥/ = 0 then

8: q(K',i) = 0;

9: else -

0 Ak = )i = DI g = 1= D)
11: end if P
12:  end for

13: end for

14: return ¢(0... %k, 1...|R|);

The major space use in Algorithm 1 is the bookkeeping of the DP table in Line 2
(Algorithm 2). A straightforward implementation of Algorithm 1 and Algorithm 2 takes
O(kn) space. However, notice that in Algorithm 2, the column ¢(0 . . . k, ¢) depends on the
column ¢(0. .. k,i—1) only, and only the kth value ¢(k,7—1) in the column ¢(0. .. k,i—1)
will be used in updating the priority queue in Line 4 of Algorithm 1 later. Therefore, in
practice, we can reduce the space complexity to O(k) by moving the update of the priority
queue in Algorithm 1 to Algorithm 2, and using a vector of size k + 1 to keep track of the
previous column in the DP table. To be more specific, in Algorithm 2, each time we finish
computing the current column based on the previous column in the DP table, we update
the priority queue with the kth value in the current column and then replace the previous
column with the current column. For readability, we present here the original algorithms

without this optimization for space.

3.3.2 Threshold Algorithm Optimization

Fagin et al. [25] proposes Threshold Algorithm (TA) for processing top-k queries in a mid-

dleware scenario. In a middleware system, an object has m attributes. For each attribute,
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Algorithm 1™ (TA _Ind_Topk)

(1) Go down T’ list, and fill in entries in the DP table. Specifically, for t = ¢;,
compute the entries in the % column up to the £ row. Add ¢; to the top-k
answer set Ans, if any of the following conditions holds:

(a) Ans has less than k tuples, i.e., |[Ans| < k;

(b) The Global-Topk probability of ¢;, i.e., g(k, j), is greater than the
lower bound of Ans, i.e., LB aps, where LB ,s = mingeans ¢(k, ).

In the second case, we also need to drop a tuple with the lowest Global-
Topk probability in order to preserve the cardinality of Ans.

(2) After we have seen at least & tuples in 7', we go down P list to find the first
p whose tuple ¢ has not been seen. Let p = p, and we can use p to estimate
the threshold, i.e., upper bound (U P) of the Global-Topk probability of
any unseen tuple. Assume t = ¢;,

NI .
UP = (q(k,1)—= + q(k — 1,7))p.
(alk. )5 + alk = L
(3) f UP > LBa,s, Ans might be updated in the future, so go back to (1).
Otherwise, we can safely stop and report Ans.

there is a sorted list ranking objects in the decreasing order of its score on that attribute.
An aggregation function f combines the individual attribute scores x;, i=1,2,...,m to
obtain the overall object score f(x1,%s,...,z,). An aggregation function is monotonic
iff f(x1,29,...,2,) < f(2),2h,...,2)) whenever z; < ) for every i. Fagin et al. [25]
shows that TA is optimal in finding the top-k objects in such a system.

Denote 7" and P for the list of tuples in the decreasing order of score and probability,

respectively. Following the convention in [25], ¢ and p are the last value seen in 7" and P,

respectively.

Theorem 3.3.2 (Correctness of Algorithm 1™). Given a simple probabilistic relation RP =
(R, p,C), a non-negative integer k and an injective scoring function s over RP, Algorithm

17 correctly finds a Global-Topk answer set.

Proof. See Appendix B.

The optimization above aims at an early stop. Bruno et al. [10] carries out an extensive
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experimental study on the effectiveness of applying TA in RDMBS. They consider various
aspects of query processing. One of their conclusions is that if at least one of the indices
available for the attributes? is a covering index, that is, it is defined over all other attributes
and we can get the values of all other attributes directly without performing a primary index
lookup, then the improvement by TA can be up to two orders of magnitude. The cost of
building a useful set of indices once would be amortized by a large number of top-k queries
that subsequently benefit form such indices. Even in the lack of covering indices, if the data
is highly correlated, in our case, that means high-score tuples having high probabilities, TA
would still be effective.

TA is guaranteed to work as long as the aggregation function is monotonic. For a simple
probabilistic relation, if we regard score and probability as two special attributes, Global-
Topk probability P , is an aggregation function of score and probability. The closeness
between Faithfulness and the monotonicity of Global-Topk probability makes the satis-
faction of Faithfulness a strong indication of a possible TA optimization. Theorem 3.3.2
confirms that TA is applicable to the computation of Global-Topk. Consequently, assuming
that we have an index on probability as well, we can guide the dynamic programming (DP)
in Algorithm 2 by TA. Now, instead of computing all kn entries for DP, where n = |R|,
the algorithm can be stopped as early as possible. A subtlety is that Global-Topk proba-
bility P, s is only well-defined for ¢ € R, unlike in [25], where an aggregation function is
well-defined over the domain of all possible attribute values. Therefore, compared to the
original TA, we need to achieve the same behavior without referring to virtual tuples which
are not in R.

U-Topk satisfies Faithfulness in simple probabilistic relations. An adaptation of the
TA algorithm in this case is available in [53]. TA is not applicable to U-kRanks. Even
though we can define an aggregation function per rank, rank = 1,2,..., k, for tuples
under U-kRanks, the violation of Faithfulness (cf. Appendix A (8)) suggests a violation of
monotonicity of those £k aggregation functions. PT-£ computes Global-Topk probabilities

as well, and is therefore a natural candidate for TA in simple probabilistic relations.

ZProbability is typically supported as a special attribute in DBMS.
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3.3.3 Arbitrary Probabilistic Relations
Induced Event Relation

In the general case of probabilistic relations (Definition 3.1.1), each part of the partition C
can contain more than one tuple. The crucial independence assumption in Algorithm 1 no
longer holds. However, even though tuples from one part of the partition C are not indepen-
dent, tuples from different parts are. In the following definition, we assume an identifier
function id. For any tuple ¢, id(t) identifies the part where ¢ belongs. We show how to

reduce the arbitrary case to the simple case using the notion of induced event relation.

Definition 3.3.1 (Induced Event Relation). Given a probabilistic relation R? = (R, p,C),
an injective scoring function s over RP and a tuple t € Ciq € C, the event relation induced
by t, denoted by EP = (E,p® CF), is a probabilistic relation whose support relation E
has only one attribute, Event. The relation E and the probability function p* are defined

by the following two generation rules:

® RuleI: t., € Eandp®(t.,) = p(t);

® Rule2: YC;eC AC; # Cigp.

(At € Ci At >4 t) = (Lo, € E) and p®(te,.) = Z p(t").

No other tuples belong to E. The partition C¥ is defined as the collection of singleton

subsets of E. An induced event relation is a simple probabilistic relation.

Except for one special tuple generated by Rule I, each tuple in the induced event re-
lation (generated by Rule 2) represents an event e, associated with a part C; € C. Given
the tuple ¢, the event e, is defined as “there is a tuple from the part C; with a score higher
than that of £”. The probability of this event, denoted by p(teci ), is the probability that e,
occurs.

The role of the special tuple t., and its probability p(¢) will become clear in Proposition

3.3.2. Let us first look at an example of an induced event relation.
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Example 8. Given RP as in Example 2, we would like to construct the induced event re-
lation EP = (E,p¥ CF) for tuple t=(Temp: 15) from Cy. By Rule 1, we have t,, € E,
p"(te,) = 0.6. By Rule 2, since t € Cy, we have t., € E and p"(t.. ) = Zt:ecl p(t') =
p((Temp: 22)) = 0.6. Therefore, o

Event (E) Prob (p®)

te, 0.6
0.6

t

601

Evaluating Global-Topk Queries

With the help of induced event relations, we can reduce Global-Topk in the general case to

Global-Topk in simple probabilistic relations.

Proposition 3.3.2. Given a probabilistic relation R? = (R, p,C) and an injective scoring

function s, for any t € RP, the Global-Topk probability of t equals the Global-Topk prob-

ability of t., when evaluating top-k in the induced event relation E? = (E,p® CE) under
1

the injective scoring function s¥ : E — R, s"(t.,) = 5 and s"(t.. ) = i:

Pio () = P (te,)-

Proof. See Appendix B.

In Proposition 3.3.2, the choice of the function s¥ is rather arbitrary. In fact, any injec-
tive function giving ¢., the lowest score will do. Every tuple other than ¢., in the induced
event relation corresponds to an event that a tuple with a score higher than that of ¢ oc-
curs. We want to track the case that at most £ — 1 such events happen. Since any induced
event relation is simple (Definition 3.3.1), Proposition 3.3.2 illustrates how we can reduce
the computation of P,fg (t) in the original probabilistic relation to a top-k computation in
a simple probabilistic relation, where we can apply the DP technique described in Section
3.3.1. The complete algorithms are shown as Algorithm 3 and Algorithm 4.

In Algorithm 4, we first find the part Cjq(;) where ¢ belongs. In Line 2, we initialize
the support relation £ of the induced event relation with the tuple generated by Rule 1 in

Definition 3.3.1. For any part C; other than Cjq(;), we compute the probability of the event
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Algorithm 3 (IndEx_Topk) Evaluate Global-Topk Queries in a General Probabilistic Re-
lation under an Injective Scoring Function

Require: R? =(R,p,C), k,s

1:

2:
3:

A

8:
9:

(tuples in R are sorted in the decreasing order based on the scoring function s)
Initialize a fixed cardinality k-+1 priority queue Ans of (¢, prob) pairs, which compares
pairs on prob, i.e., the Global-Topk probability of ¢;
fort e Rdo

Calculate P,/ (t) using Algorithm 4, i.e.,

Pl (t) = IndEx_Topk_Sub(R?, k, s, t);

Add (t, P (t)) to Ans;
if | Ans| > k then
remove a pair with the smallest prob value from Ans;
end if
end for
return {t[(t, P (t)) € Ans};

Algorithm 4 (IndEx_Topk_Sub) Calculate P,f; (t) using an induced event relation

Require: R? =(R,p,C),k,s,te R

S

10:
11:

R AR

(tuples in R are sorted in the decreasing order based on the scoring function s)
Find the part Cjq(;) € C such that ¢ € Cyqy);
E = {t.,}, where p®(t.,) = p(t);
for C; € C and Cj # Cjq(y) do
plec,) = 2vec, P(t');
t'>st
if p(ec,) > 0 then
E = E u {t.. }, where pZ(t.. ) = plec,);

end if L Z
end for
Use Algorithm 2 to compute Global-Topk probabilities in EP = (E, p¥ C¥) under the
scoring function s%, i.e.,

q(0...k,1...|E|) = Ind_Topk_Sub(E?, k)

P (t) = Pl(te,) = q(k, | E]);
return P, (t);
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ec, according to Definition 3.3.1 (Line 4), and add it to E if its probability is non-zero
(Lines 5-7). Since all tuples from the same part are exclusive, this probability is the sum
of the probabilities of all qualifying tuples in that part. If no tuple from C; qualifies, this
probability is zero. In this case, we do not care whether any tuple from C; will be in the
possible world or not, since it does not have any influence on whether ¢ will be in top-k
or not. The corresponding event tuple is therefore excluded from £. Note that, by default,
any probabilistic database assumes that any tuple not in the support relation has probability
zero. Line 9 uses Algorithm 2 to compute PESPE (te,). Note that Algorithm 2 requires all
tuples be sorted on score. Since we already know the scoring function s¥, we simply need

to organize tuples based on s when generating F. No extra sorting is necessary.

Theorem 3.3.3 (Correctness of Algorithm 3). Given a probabilistic relation RP = (R, p,
C), a non-negative integer k and an injective scoring function s, Algorithm 3 correctly

computes a Global-Topk answer set of RP under the scoring function s.

Proof. The top-level structure of Algorithm 3 resembles that of Algorithm 1. Therefore,
as long as Line 3 in Algorithm 3 correctly computes the Global-Topk probability of each
tuple in R, Algorithm 3 returns a valid Global-Topk answer set. Lines 1-8 in Algorithm
4 compute the event relation induced by the tuple ¢. By Proposition 3.3.2, Lines 9-10 in

Algorithm 4 correctly compute the Global-Topk probability of £. 0

In Algorithm 4, Lines 3-8 take O(n) time to build £ (we need to scan all tuples within
each part). The call to Algorithm 2 in Line 9 takes O(k|E

), where |E| is no more than
the number of parts in partition C, which is in turn no more than n. So Algorithm 4 takes
O(kn). Algorithm 3 make n calls to Algorithm 4 to compute P} () for every tuple ¢ €
R. Again, Algorithm 3 uses a priority queue to select the final answer set, which takes
O(nlog k). The entire algorithm takes O(kn? + nlogk) = O(kn?).

A straightforward implementation of Algorithm 3 and Algorithm 4 take O(kn) space,
as the call to Algorithm 2 in Algorithm 4 could take up to O(k|E|) space. However, by
using a spatially optimized version of Algorithm 2 mentioned in Section 3.3.1, this DP

table computation in Algorithm 4 can be completed in O(k) space. Algorithm 4 still needs
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O(|E|) space to store the induced event relation computed between Lines 3-8. Since |E|

has an upper bound n, the total space is therefore O(k + n).

3.3.4 Optimizations for Arbitrary Probabilistic Relations

In the previous section, we presented the basic algorithms to compute Global-Topk prob-
abilities in general probabilistic relations. In this section, we provide two heuristics, Roll-
back and RollbackSort, to speed up this computation. Our optimizations are similar to
prefix sharing optimizations in [32], although the assumptions and technical details are dif-
ferent. In our terminology, the aggressive and lazy prefix sharing in [32] assume the ability
to “look ahead” in the input tuple stream to locate the next tuple belonging to every part. In
contrast, Rollback assumes no extra information, and RollbackSort assumes the availability
of aggregate statistics on tuples.

Rollback and RollbackSort take advantage of the following two facts in the basic algo-

rithms:

Fact 1: The overlap of the event relations induced by the consecutive tuples in the original

relation;

Rollback and RollbackSort are based on the following “incremental” computation of
induced event relations for tuples in R. By Definition 3.3.1, for any tuple ¢ € R, only
tuples with a higher score will have an influence on ¢’s induced event relation. Given
a scoring function s, consider two adjacent tuples ¢;, t;,1 in the decreasing order of
scores, which is the processing order in Algorithm 3. Denote by E; and F;, their

induced event relations under the function s, respectively.

Case 1: ¢; and ¢, are exclusive.

Then t; and ¢;,, have the same induced event relation except for the one tuple

generated by Rule 1 in each induced event relation.
Ei —{te,} = Eiv1 — {te,,,, }- (3.4)

Case 2: t; and ¢, are independent, and ¢, is independent of ¢, ...,%;_; as well.
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Recall that any tuple ?; exclusive to ¢;, even though it has a score higher than
that of ¢;,i.e., 1 < 7 < ¢—1, does not contribute to £; due to the existence of te,,
in E;. However, tuple ¢;,, is independent of such tuple ¢;, and therefore both ¢;
and such tuple ¢; contribute to ¢;,1’s induced event relation. In £;,, instead of
le,,, there is an event tuple ¢, Coatery’ which corresponds to the event that one tuple
from Cjq(;,) appears. The fact that ¢;, ; is independent of 1, . . ., ;_; guarantees
that there is no tuple in E; — {teti} incompatible with the event tuple tey,,
generated by Rule 1 in £, ;. Therefore, all event tuples in F; — {teti} should

be retained in £; ;. Consequently,

Ei = {te,} = Bivn = {lec,,,  » e, ) (3.5)

Case 3: ¢; and ¢, are independent, and ¢;,, is incompatible with at least one tuple
fromtqy, ..., t; 1.
In this case, like in Case 2, the first part of the condition guarantees the existence
of tecid(ti) in F; ;1. However, the second part of the condition essentially states

that some tuple from Cjq,, ) has a score higher than that of ¢;. Thus, there is

i+1

an event tuple tecvw ) in E;, which is incompatible with t., ~ generated by
wd(tiy1 ¢

Rule 1 in E;,q, and therefore should not appear in F;,,. As a result, besides

the one tuple generated by Rule 1 in each induced event relation, F;,; and E;

also differ in the event tuple tecld(t ) and tec'd(t -
va(t; valti41

Ei— {tecid(ti+1) ’ teti} = Eiy1 - {tecid(ti) ’ teti+1 }- (3.6)

Fact 2: The arbitrary choice of the scoring function s¥ in Proposition 3.3.2.

Recall that in Proposition 3.3.2, the event tuple ¢., has the same Global-Topk prob-
ability in the induced event relation under any scoring functions s giving t., the

lowest score.
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Rollback

In Rollback, we use an annotated (k + 1) x n table T to support two major operations for
each induced event relation: (1) the creation of the induced event relation, and (2) the com-
putation in the dynamic programming (DP) table to calculate the Global-Topk probability
of the tuple inducing it. 7' is analogous to the DP table that we have been using so far.
In addition, each column in 7 is annotated with (part_id, prob) of an event tuple in the
current induced event relation.

By Fact 1, it is clear that the creation of induced event relations is incremental if we
do it for tuples in the processing order in Algorithm 3, i.e., the decreasing order of scores.
Rollback exploits this order and piggybacks the creation of the induced event relation to
the computation in the DP table.

By Fact 2, we can reuse the scoring function to the greatest extent between two con-
secutive induced event relations, and therefore avoid the recomputation of a part of the DP
table.

Without loss of generality, assume t; > t5 > ... > t,, and the tuple just processed
ist;, 1 < ¢ < n. By “processed”, we mean that there is a DP table for computing the
Global-Topk probability, denoted by D P;, where each column is associated with an event
tuple in ¢;’s induced event relation F;. Assume |F;| = [;, then there are [; columns in D P;.
Obviously, I; < ¢ since only tq,1,,...,t; can contribute to £;. In fact, [; = ¢ when all ¢
tuples are independent. In this case, each tuple corresponds to a distinct event tuple in E;.
When there are exclusive tuples in F;, [; < ¢. In this case, if a tuple from ¢, %5, ...,¢; 1
is incompatible with ¢;, it is ignored due to the existence of te,, in E;. For other exclusive
tuples, the tuples from the same part collapse into a single event tuple in £;. Moreover,
the probability of such event tuple is the sum of the probabilities of all exclusive tuples
contributing to it.

Now, consider the next tuple to be processed, ¢;.1, its induced event relation F;,,
and the DP table DF;,; to compute the Global-Topk probability in F; ;. If the current
situation is of Case 1, then £; and £, only differ in the event tuple generated by Rule 1.

Recall that the only requirement on the scoring function used in an induced event relation
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is to assign the lowest score to the event tuple generated by Rule 1. This requirement is
translated into associating the last column in the DP table with the tuple generated by Rule
1. Therefore, we can take the first /; — 1 columns from D P; and reuse them in DFP; ;. In
other words, by reusing the scoring function in D F; as much as possible based on Fact 2,
the resulting D F; ., table differs from D F; only in the last column. In practice, DF;; is
computed incrementally by modifying the last column of D F; in place. In other word, we
have the content of D P; stored in the data structure 7 used in Rollback. By modifying
the last column of 7 and changing the annotation, we can have DF;; in T“. Denoted
by col.,, the current last column in DFP;. In DP; 4, col.,, should be reassociated with the

event tuple Z., ,ie.,

COlyr-part_id = id(t; 1),

COl - prob = p(tiy1).

It is easy to see that the incremental computation cost is the cost of computing & + 1 entries
n col oy

Similarly for Case 2, the first /; — 1 columns in D P; can be reused. The two new event
tuples in D P, are tecid(ti) and ¢, . To compute DF;,;, we need to change the associ-

ation of two columns, col.,, and col.,, 1. The last column in DF; (col.,,) is reassociated

with tecid(ti) :

COler-part_id = id(t;),

cOl ey .prob = Z p(tjr).

tj”ecz'd(ti)
1<5" <4

The last column in D P, (col.,, 1) is associated with teti+1 :

COleyr11-part_id = id(t;y1),

COlcur-i-l 'prOb = p(tz-‘rl) :
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Example 9. Consider the following data®, and a top-2 query.

Part | Score | Prob.
ti | C1 | 09 0.3
ta | Co | 08 0.1
ts | Cs5 | 0.7 0.2
ty | C7 | 0.6 0.4
ts | Cy | 0.5 0.7

Tuples are processed in the decreasing order of their scores, i.e., t1,to, ..., t5. Figure 3-
1 illustrates each DPF; table, i.e., the content of T, after the processing of tuple t;. The
annotation (part_id, prob) of each column is also illustrated. The entry in bold is the
Global-Topk probability of the corresponding tuple inducing the event relation.

Take the processing of 13 for example. Since t3 is independent of to and t, this is Case 2.
Therefore, the last column in D P, (coly) needs to be reassociated with t = t,. in

€Cid(ty) €Cy
Eg. In DPg,

coly.part id = id(ty) = 2,
coly.prob = Z p(tjn) = p(t2) = 0.1.

tj//ECQ
1<57<2

The last column in D P (cols) is associated with the event tuple tey, generated by Rule 1 in

Eg.'

colz.part_id = id(t3) = 3,

colg.prob = p(t3) = 0.2.

Compared to D Py, the first column with an annotation change in D P is cols. The DP table
needs to be recomputed from cols (inclusive) upwards. In this case, it is only cols. Notice

that, even though the annotation of coly does not change from DP, to D P, its meaning

3We explicitly include partition information into the representation, and thus the horizontal lines do not
represent partition here.
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col coly
(1,0.3)
0 0
1 0.3
2 0.3
(a) DP
col coly coly
(1,0.3) (2,0.1)
0 0 0
1 0.3 0.07
2 0.3 0.1
(b) DP,
col coly coly cols
(1,0.3) (2,0.1) (3,0.2)
0 0 0 0
1 0.3 0.07 0.126
2 0.3 0.1 0.194
(c) DP;3
col coly coly cols
(2,0.1) (3,0.2) (1,0.4)
0 0 0 0
1 0.1 0.18 0.288
2 0.1 0.2 0.392
(d) DPy
col coly coly cols
(3,0.2) (1,0.7) (2,0.7)
0 0 0 0
1 0.2 0.56 0.168
2 0.2 0.7 0.602
(e) DPs

Figure 3-1: DP table evolution in Rollback

34



changes: in D P,, col, is associated with te,, in Es; in DPs, cols is associated with tec_d(t )
id(to

in F5 instead.

In Case 1 and Case 2, the event tuple which we want to “erase” from FE;, i.e., te,,» 18

associated with the last column in D F;. In Case 3, by Equation (3.6), we want to “erase”

from E; the event tuple tec,d(t in addition to t., . Assume tec_d(t ) is associated with
valti4q ¢ valti 41
col; in DFP;, and the columns in D P; are
coly, ..., colj_1,col;,coljiq, ..., coleyr—1,CO0leyy
which correspond to
t ot t t R 7 t
eCil ) 9 eCij,1 ) ecij ) eCin ) ) ecicur—l )y Le,

in E;, respectively. Obviously, 7; = id(t;41). By Equation (3.6),

Eis1 = {tec, s -stec, slec, ste

o tee ote,
ij1 141 Cicur—1 Cid(t;) tit1

By Fact 2, as long as t6t¢+1 is associated with the last column in D P, 1, the column associa-
tion order of other tuples in £;,; does not matter in computing the Global-Topk probability

of ;1. By adopting a column association order such that

are associated with

coly, ..., colj_y

respectively in DP; 1, we can reuse the first j — 1 columns already computed in DF;.
Recall that in our DP computation, the values in a column depend on the values in its
previous column. Once we change the values in col;, every col;, j° > j, needs to be

recomputed regardless. Therefore, the recomputation cost is the same for every column
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association order of event tuples

te

. PR 7t€ . 7te .
Clj+1 C’cur—l CZd(ti)

In Rollback, we simply use this order above as the column association order. In fact, the
name of this optimization, Rollback, refers to the fact that we are “rolling back” the compu-
tation in the DP auxiliary data structure 7' until we hit col; and recompute all the columns

with an index equal to or higher than ;.

Example 10. Continuing Example 9, consider the processing of ts. ts is independent of t,,
while t5 and ty are exclusive. Therefore, this is Case 3. We first locate col; associated with

= leg, in DPy. In this case, it is col,. Then, we roll all the way back to coly in D Py,

“Cid(t) ¢

erasing every column on the way including col,. Since col; = coly, there is no column from
D Py that we can reuse in DPs. We move on to recompute col;, j < j', in DPs that are

associated with tec3 and t.,,

= t.. . In particular, cols in D Ps is associated with t.,. .
id(tq) ! €1

Thus,

coly.partaid = 1,

coly.prob = Z p(tn)

tj/1601,1§j1,<4

= p(t1) + p(ts)
= 0.34+04

= 0.7.

The last column in D P; is again associated with the event tuple ., generated by Rule I in
Es.

Out of the five tuples, the processing of t1, 5, t3 is of Case 2, and the processing of t4, ts
is of Case 3. Whenever we compute/recompute the DP table, the event tuples associated
with the columns are from the induced event relation, and therefore independent. Thus,
every DP table computation progresses in the same fashion as that with the DP table in

Example 7.
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Finally, we keep the Global-Top2 probability of each tuple (from the original proba-
bilistic relation) in a priority queue. When we finish processing all the tuples, we get the
top-2 winners. In this example, the priority queue is updated every time we get an en-
try in bold. The winners are t5 and t, with the Global-Top2 probability 0.602 and 0.392,

respectively.

RollbackSort

For the rollback operation in Case 3 of Rollback, define its depth as the number of columns
recomputed in rolling back excluding the last column. For example, when processing 5
in Example 10, coly, cols and cols are recomputed in D Ps. Therefore the depth of this
rollback operationis 3 — 1 = 2.

Recall that in Case 3 of Rollback, we adopt an arbitrary order

ot

YA ec.; ) YeC.
j+1 Czcurfl cld(ti)

to process those event tuples in DF;, ;. The Global-Topk computation in £;,; does not
stipulate any particular order over those tuples. Any permutation of this order is equally
valid. The intuition behind RollbackSort is that we will be able to find a permutation that
will reduce the depth of future rollback operations (if any), given additional statistics on
the probabilistic relation R”, namely the count of the tuples in each part of the partition.
Theoretically, it requires an extra pass over the relation to compute the statistics. In practice,
however, this extra pass is often not needed because this statistics can be precomputed and
stored.

In RollbackSort, if the current situation is Case 3, we do a stable sort on

lee St

P EC. ) te .
i4+1 C’cuv‘fl Cld(tj)

in the non-decreasing order of the number of unseen tuples in its corresponding part, and
then use the resulting order to process those event tuples. The intuition is that each unseen

tuple has the potential to trigger a rollback operation. By pushing the event tuple with the
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most unseen tuples close to the end of the current DP table, we could reduce the depth of
future rollback operations. In order to facilitate this sorting, we add one more component

unseen to the annotation of each column in 7.

Example 11. We redo the problem in Example 9 and Example 10 using RollbackSort. Now,
the annotation of each column becomes (part_id, prob, unseen). The evolution of the DP
table is shown in Figure 3-2. The statistics on all parts are: 2 tuples in C1, 2 tuples in Cs
and 1 tuple in Cs.
Consider the processing of t, in DP,. As we just see one tuple t| from C1, there is one
more unseen tuple from C coming in the future. Therefore, coly.unseen = 1. All the other
unseen annotations are computed in the same way.

When processing t, (Case 3), the column associated with tecid(w in DP5 is coly. We
roll back to coly as before and recompute all the columns upwards in DP,. Notice that,
t t

the recomputation is performed in the order t in contrast to the order t

ecy’ ey’ €cy’ “ecy

used in Example 10 (Figure 3-1(d)). Cy has one more unseen tuple which can trigger the
rollback operation while there are no more unseen tuples from C's. The benefit of this order
becomes clear when we process ts. Now, we only need to rollback to coly in DP,. The
depth of this rollback operation is 1. Recall that the depth of the same rollback operation
is 2 in Example 10. In other words, we save the computation of 1 column by applying

RollbackSort.

Rollback and RollbackSort significantly improve the performance in practice, as we
will see in Section 3.4. The price we pay for this speedup is an increase in the space usage.
The space complexity is O(kn) for both optimization. The quadratic theoretic bound on

running time remains unchanged.

3.4 Experiments

We report here an empirical study on various optimization techniques proposed in Section
3.3.2 and Section 3.3.4, as the behavior of the straightforward implementation of our algo-

rithms is pretty much predicted by the aforementioned theoretical analysis. We implement
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col coly
(1,0.3,1)
0 0
1 0.3
2 0.3
(a) DP
col coly coly
(1,0.3,1) (2,0.1,1)
0 0 0
1 0.3 0.07
2 0.3 0.1
(b) DPy
col coly coly cols
(1,0.3,1) (2,0.1,1) (3,0.2,0)
0 0 0 0
1 0.3 0.07 0.126
2 0.3 0.1 0.194
(c) DP;
col coly coly cols
(3,0.2,0) (2,0.1,1) (1,0.4,0)
0 0 0 0
1 0.2 0.08 0.288
2 0.2 0.1 0.392
(d) DPy
col coly coly cols
(3,0.2,0) (1,0.7,0) (2,0.7,0)
0 0 0 0
1 0.2 0.56 0.168
2 0.2 0.7 0.602
(e) DP;s

Figure 3-2: DP table evolution in RollbackSort
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all the algorithms in C++ and run experiments on a machine with Intel Core2 1.66G CPU
running Cygwin on Windows XP with 2GB memory.

Each synthetic dataset has a uniform random score distribution and a uniform random
probability distribution. There is no correlation between the score and the probability. The
size (n) of the dataset varies from 5K up to 1M. In a dataset of a general probabilistic
relation, z is the percentage of exclusive tuples and s is the max number of exclusive tuples
in a part from the partition. In other words, in a general probabilistic relation of size n,
there are [nx| tuples involved in a non-trivial part from the partition. The size of each part
is a random number from |2, s|. Unless otherwise stated, = defaults to 0.1 and s defaults to
20. The default value of k in a top-%£ query is 100.

For simple relations, the baseline algorithm Basic is the space optimized version of Al-
gorithm 1 and 2 mentioned in Section 3.3.1. TA integrates the TA optimization technique
in Section 3.3.2. For general relations, the baseline algorithm Reduction is a straightfor-
ward implementation of Algorithm 3 and 4. Rollback and RollbackSort implements the

two optimization techniques in Section 3.3.4, respectively.

Summary of experiments

We draw the following conclusions from the forthcoming experimental results:

e Optimizations such as TA, Rollback and RollbackSort are effective and significantly
reduce the running time. On average, TA saves about half of the computation cost
in simple relations. Compared to Reduction, Rollback and RollbackSort improve the

running time up to 2 and 3 orders of magnitude, respectively.

e Decreasing the percentage of exclusive tuples () improves the running time of Roll-
back and RollbackSort. When z is fixed, increasing the max number of tuples in each

part (s) improves the running time of Rollback and RollbackSort.

e For general probabilistic relations, RollbackSort scales well to large datasets.
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Figure 3-3: Performance of Optimizations
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3.4.1 Performance of Optimizations

Figure 3-3(a) illustrates the improvement of 7A over Basic for simple probabilistic rela-
tions. While Basic is already linear in terms of n, TA still saves a significant amount of
computation, i.e., a little less than half. It worths emphasizing that there is no correlation
between the score and the probability in our datasets. It is well-known that TA optimiza-
tion has a better performance when there is a positive correlation between attributes, and a
worse performance when there is a negative correlation between attributes. Therefore, the
dataset we use, i.e., with no correlation, should represent an average case.

For general probabilistic relations, Figure 3-3(b) illustrates the performance of Reduc-
tion, Rollback and RollbackSort when n varies from 5K to 100K. For the baseline algorithm
Reduction, we show only the first three data points, as the rest are off the chart. The curve
of Reduction reflects the quadratic theoretical bound. From Figure 3-3(b), it is clear that
the heuristic Rollback and RollbackSort greatly reduce the running time over the quadratic
bound. The improvement is up to 2 and 3 orders of magnitude for Rollback and Rollback-

Sort, respectively.

3.4.2 Sensitivity to Parameters

Our second set of experiments studies the influence of various parameters on Rollback and
RollbackSort. The results are shown in Figure 3-4. Notice the difference between the
scale of y-axis of Figure 3-4(a) (resp. Figure 3-4(c)) and that of Figure 3-4(b) (resp. Figure
3-4(d)). RollbackSort outperforms Rollback by one order of magnitude.

Figure 3-4(a) and 3-4(b) show the impact of varying the percentage of exclusive tuples
(z) in the dataset. It is to be expected that with the increase of the percentage of exclusive
tuples, more rollback operations are needed in both Rollback and RollbackSort. However,
Rollback shows a linear increase, while RollbackSort shows a trend more than linear but
less than quadratic.

Figure 3-4(c) and 3-4(d) illustrate the impact of the size of the parts in the partition.
In these two sets of experiments, we fix the total number of exclusive tuples, and vary the

max size of a part (s). A large s suggests fewer but relatively larger parts in the partition,
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as compared to a small s. For both Rollback and RollbackSort, we see a similar trend
that as s increases, the running time decreases. The relative decrease in Rollback is larger
than that in RollbackSort, which can be explained by the fact that RollbackSort is already
optimized for repetitive occurrences of tuples from the same part, and therefore it should

be less subjective to the size of parts.

3.4.3 Scalability

RollbackSort —+— RollbackSort —+—
350
1200 ¢
300
1000 t 250 |
= 800 | 2 200
£ 600 f E 150
= [
400 t 100 |
200 | 50 |
0 1 I I I 0 1 I I I I I I I I
200K 400K 600K 800K 1000K 100 200 300 400 500 600 700 800 9001000
# of tuples (n) k
(a) Running time vs n (b) Running time vs k

Figure 3-5: Scalability of RollbackSort

As we have already seen analytically in Section 3.3.1 and empirically in Figure 3-3(a),
the algorithm for simple probabilistic relations scales linearly to large datasets. TA can
further improve the performance.

For general probabilistic databases, Figure 3-5 shows that RollbackSort scales well to
large datasets. Figure 3-5(a) illustrates the running time of RollbackSort when n increases
to 1M tuples. The trend is more than linear, but much slower than quadratic. Figure 3-5(b)
shows the impact of £ on the running time. Notice that, the general trend in Figure 3-5(b)
is linear except there is a “step-up” when k is about 500. We conjecture that this is due to

the non-linear maintenance cost of the priority queue used in the algorithm.
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3.5 Complexity

For completeness, we list in Table 3.2 the complexity of the best known algorithm for the

semantics in the literature.

Semantics Simple Probabilistic DB | General Probabilistic DB
Global-Topk O(kn) O(kn?)

PT-k O(kn) O(kn?)

U-Topk O(nlog k) O(nlog k)
U-kRanks O(kn) O(kn?)
Expected Rank O(nlogk) O(nlogk)

Table 3.2: Time Complexity of Different Semantics
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Chapter 4

Top-£ Queries in Uncertain Databases

under General Scoring Functions

In Chapter 3, we assume that the scoring function is injective. It is a simplification which
can be lifted. In fact, we often encounter scoring functions where ties are common in
reality, e.g., hotel ratings. In this chapter, we study the semantics and the computational
problem of top-k queries in probabilistic databases under general scoring functions, i.e.,
with ties. To the best of our knowledge, this is the first attempt to address the tie problem

in a rigorous manner.

4.1 Semantics and Postulates

4.1.1 Global-Top%k Semantics with Allocation Policy

Under a general scoring function, the Global-Topk semantics remains the same. However,
the definition of Global-Topk probability in Definition 3.2.1 needs to be generalized to
handle ties.

Recall that under an injective scoring function s, there is a unique top-£ answer set
S in every possible world . When the scoring function s is non-injective, there may
be multiple top-k answer sets S, ..., .Sy, each of which is returned nondeterministically.

Therefore, for any tuple t € NS;,i = 1,...,d, the world W contributes Pr(WW) to the

45



Global-Topk probability of ¢. On the other hand, for any tuple t € (US;—n.S;),i = 1...,d,
the world W contributes only a fraction of Pr(WW) to the Global-Topk probability of ¢.
The allocation policy determines the value of this fraction, i.e., the allocation coefficient.
Denote by «(t, W) the allocation coefficient of a tuple ¢ in a world W. Let ally (W) =
uS;,i=1,...,d.

Definition 4.1.1 (Global-Topk Probability under a General Scoring Function). Assume a
probabilistic relation R? = (R, p,C), a non-negative integer k and a scoring function s
over RP. For any tuple t in R, the Global-Topk probability of t, denoted by P,f; (1), is the

sum of the (partial) probabilities of all possible worlds of RP whose top-k answer set may

contain t.
PE®t) = > alt,W)Pr(W). (4.1)
Wepwd(RP)
tEallhs(W)
With no prior bias towards any tuple, it is natural to assume that each of Sy,...,5; is

returned nondeterministically with an equal probability. Notice that this probability has
nothing to do with tuple probabilities. Rather, it is determined by the number of equally

qualified top-k answer sets. Hence, we have the following Equal allocation policy.

Definition 4.1.2 (Equal Allocation Policy). Assume a probabilistic relation R? = (R, p,C),

a non-negative integer k and a scoring function s over RP. For a possible world W €

pwd(RP) and a tuplet € W, leta = |{t' e W|t' >, t}| and b= [{t' e W|t' ~5 t}|

1 ifa<kanda+b<k
alt, W) = kE—a

5 ifa<kanda+b>k

This notion of Equal allocation policy is in the spirit of uniform allocation policy in-
troduced in [11] to handle imprecision in OLAP, although the specified goals are different.
Note that [11] also introduces other allocation policies based on additional information.
In our application, it is also possible to design other allocation policies given additional

information.
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4.1.2 Satisfaction of Postulates

The semantic postulates in Section 3.2.1 are directly applicable to Global-Topk with al-
location policy. In Appendix A, we show that the Equal allocation policy preserves the

semantic postulates of Global-Topk.

4.2 Query Evaluation in Simple Probabilistic Relations

Definition 4.2.1. Let R? = (R, p,C) be a probabilistic relation, k a non-negative integer
and s a general scoring function over RP. Assume that R = {t1,ts,... t,}, t1 >, ta >,

. > ty. Let T,fé], k < i, be the sum of the probabilities of all possible worlds of exactly
k tuples from {t,, ... t;}:

Ty = 2 Pr(w)
Wepwd(RP)
|Wn{ty,....t: }|=k

As usual, we omit the superscript in TR[p 1 i.e., T (7, when the context is unambiguous.

Remark 4.2.1 shows that in a simple probabilistic relation 7 ;) can be computed efficiently.

Remark 4.2.1. Let R? = (R, p,C) be a simple probabilistic relation, k a non-negative

integer and s a general scoring function over RP. Assume that R = {t1,ta, ..., t,}, t1 >,

ty > ... >s ty. Foranyi, 1 <1< n—1, TR[ can be computed using the DP table for
computing the Global-Topk probabilities in RP under an order-preserving injective scoring

function s' such thatty >y ty >y ... >y t,.

Proof. By case study,

e Case : If £ =0,1 <7< n—1, then

T = 1 Lo () 4.2)

1<j<i z+1)
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e Case 2: Forevery 1 <k < i <n — 1, by the definition of 7,7, we have

TE = oo Pr(Ww) - > Pr(W)
Wepwd(RP) Wepwd(RP)
[Wn{t1,....,t:} <k [WAfti,...ti}<k—1

In the DP table computing the Global-Topk probabilities of tuples in R? under the

injective scoring function s, we have

P g (tin) = > Pr(Ww) (s’ is injective)
Wepwd(RP)
tit16topyq o (W)

= Z Pr(\V)

Wepwd(RP)
(W A{ty,...t} | <k
tiv1€EW

= p(tiy1) Z Pr(W) (tuples are independent)

Wepwd(RP)
Walty,...ti}|<k

Therefore,

TR P o (tia) B B (tiva) 43)
1 p(tis1) p(tis1)

]

Remark 4.2.2 shows that we can compute Global-Topk probability under a general
scoring function in polynomial time for an extreme case, where the probabilistic relation
is simple and all tuples tie in scores. As we will see shortly, this special case plays an

important role in our major result in Proposition 4.2.1.

Remark 4.2.2. Let R? = (R, p,C) be a simple probabilistic relation, k a non-negative
integer and s a general scoring function over RP. Assume that R = {t1,...,t,,} and
t ~sty ~5 ... ~s ty. Forany tuple t;, 1 < i < m, the Global-Topk probability of t;, i.e.,

Pl (t;), can be computed using Remark 4.2.1.

Proof. If k > m, it is trivial that P, (t;) = p(t;). Therefore, we only prove the case when

k < m. According to Equation (4.1), for any 7, 1 < i < m,
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PR = Y o (6 W) Pr(IV)

Jj=1 Wepwd(RP)
tieally, o (W),[W|—j

= > > a(t,W)Pr(W) (Since all tuple tie , ally, (W) = W)

LeW,|W|=j
k
= > D alty W)Pr(W 2 DT alt, W)Pr(W)
Jj=1Wepwd(RP) j=k+1 Wepwd(RP)
t,eW,|W|=j t,eW,|W|=j
k
=2 LR E R pon)
Jj=1 Wepwd(RP) j=k+1 '] WEpwd(Rp)
t,eW,|W|=j t,eW,|W|=j

With out loss of generality, assume ¢ = m, then the above equation becomes

PR (t,) = Z > Pr(W)+‘Z§ > Pr(w)

j= IWepwd Rp) WGp’LUd(Rp)
tmeW|W| =j tm €W,|W|=j
= plt )(Z T 1y + Z TRP (4.4)
j= k+1

By Remark 4.2.1, every ﬂfﬁ?l’[mfl], 0 <j—1< m—1, can be computed by the
DP table computing Global-Topk probabilities in /2 under an order-preserving injective
scoring function s’ via Equation (4.2) or (4.3). Therefore, Equation (4.4) can be computed

using Remark 4.2.1. 0

Based on Remark 4.2.1 and Remark 4.2.2, we design Algorithm 5 and prove its cor-
rectness in Theorem 4.2.1 using Proposition 4.2.1.

Assume RP = (R,p,Cy where R = {t1,ta,...,t,} and t; >4 to >, ... >4 t,. For
any t; € R, 4; is the largest index such that ¢;, >, ¢;, and j; is the largest index such that
t; > t;. Note that ¢, .. ., t;, are tuples with a score higher than that of #;, and #;, 11, . . ., ¢},

are tuples tying with ¢;.

Intuitively, Algorithm 5 and Proposition 4.2.1 convey the idea that, in a simple proba-
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bilistic relation, the computation of Global-Topk probabilities under the Equal allocation

policy can be simulated by the following procedure:

(S1) Independently flip a biased coin with probability p(t¢;) for each tuple t; € R =
{t1,1tq,...,t,}, which gives us a possible world W € pwd(RP);

(S2) Return a top-k answer set S of W nondeterministically (with equal probability in the
presence of multiple top-£ sets). The Global-Topk probability of ¢; is the probability
that¢; € S.

The above Step (S1) can be further refined into:

(S1.1) Independently flip a biased coin with probability p(¢;) for each tuple t; € R4 =

{t1,t2...,t;}, which gives us a collection of tuples Wy;

(S1.2) Independently flip a biased coin with probability p(t;) for each tuple t; € Rp =
{ti+1,-..,tn}, which gives us a collection of tuples Wp. W = W, u Wgis a

possible world from pwd(RP);

In order for ¢; to be in S, W4 can have at most k£ — 1 tuples. Let |W4| = &/, then &’ < k.
Every top-k answer set of W contains all £’ tuples from W4, plus the top-(k — k') tuples
from Wp. For ¢; to be in S, it has to be in the top-(k — k') set of Wp. Consequently, the
probability of ¢, € S, i.e., the Global-Topk probability of ¢;, is the joint probability that
|(Wa| = k' < k and t; belongs to the top-(k — k') set of Wpg. The former is Ty ;] and
the latter is P,fjgk,ﬁ(tl) , where RY, is RP restricted to Rp. Again, due to the independence
among tuples, Step (S1.1) and Step (S1.2) are independent, and their joint probability is
simply the product of the two.

Further notice that since ¢; has the highest score in R and all tuples are independent
in Rp, and any tuple with a score lower than that of ¢; does not have an influence on

Rip Rip R{(t) : :
P, 5 o(t1). In other words, P, 5, [(t;) = P,y (t), where RE(t;) is RP restricted to all

tuples tying with ¢; in R. Notice that the computation of P,f,gflz (t;) is the extreme case
addressed in Remark 4.2.2.
Algorithm 5 elaborates the algorithm based on the idea above, where m = j; —7; is the

number of tuples tying with ¢; (including ¢;).
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Furthermore, Algorithm 5 exploits the overlapping among DP tables and makes the

following two optimizations:

1. Use a single DP table to collect the information needed to compute all T [;,1, k' =
0,....,k—1,1=1,...,nand k' < i; (Line 2).
Notice that by definition, when 1 <[ < n, 1 < ¢, < n — 1. Itis easy to see that the

DP table computing 7}_1,[,—1] subsumes all other DP tables.

2. Use a single DP table to compute all P,ff,ifﬁ

(Lines 8-14).

(t1), ¥ = 0,...,k — 1, for a tuple ¢,

)

S

the same set of Tj}igl(f[lgl_l] values (Lines 9-11). In Line 13, P,fj,gflz (t,) is abbreviated

Notice that by Equation (4.4), for different £, the computation of P,f,gfl (t;) requires

as P,(k"), where k" = k — K/, to emphasize the changing parameter £’

Each DP table computation uses a call to Algorithm 2 (Line 2 in Algorithm 5, Line 3
in Algorithm 6).

Algorithm 6 (Ind_Topk_Gen_Sub) Compute the DP table for Global-Topk probabilities

in a Simple Probabilistic Relation under an All-Tie Scoring Function
Require: Ré) (ttarget) = <R7 pa C>7 ttargeta m

(make sure that |R| = m, t4rget € R)
1: Rearrange tuples in R such that R = {t1,...,t,,_1, %y} and t,, = target;
2: Assume the injective scoring function s’ is such that ¢, >y ... >y t;—1 >y tiargets

3: Get the DP table

Qie(0...m,1...m) = Ind_Topk_Sub(R? (ti4rget), Mm);

4: return q;.(0...m,1...m);

Proposition 4.2.1. Let R? = (R,p,C) be a simple probabilistic relation where R =

{t1,.. . ta}, t1 =5 ta =5 ... =4 tn, k a non-negative integer and s a scoring function.
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Algorithm 5 (Ind_Topk_Gen) Evaluate Global-Topk Queries in a Simple Probabilistic
Relation under a General Scoring Function
Require: RP = (R,p,C), k
(tuples in R are sorted in the non-increasing order based on the scoring function s)
1: Initialize a fixed cardinality (k + 1) priority queue Ans of {t, prob) pairs, which com-
pares pairs on prob, i.e., the Global-Topk probability of t;
2: Get the DP table for computing Ty 51, k' = 0,...k —1,i =1,.. — 1, k' <iusing
Algorithm 2, i.e.,

q(0... %k, 1...|R|) = Ind_Topk_Sub(R?, k);

3: for [ =1to |R| do
4 m =g —1i;
5. if m == 1 then
6: Add {t;, q(k,1)) to Ans;
7. else
8: Get the DP table for computing P,* (tl)( t),i.e, P(k—FkK), K =0,...,k—1
Guie(0...m,1...m) = Ind_Topk_Gen_Sub(RP(;), t;, m);
9: for £ =0tom — 1 do
10:
TR Grie(K" +1,m) — quic(K",m)
k" [m—1] )
p(t)
11: end for
12: for £’ = 1to k do
13:
W
P(K") = p(ty) Z T L+ Z —TR”“ )
j=k"+1
14: end for
15: P (t) = 0;
16: for ¥’ =0tok —1do
7 q(k" + 1,0+ 1) — q(k', i + 1)
T i) = _ ;
p(tlz-i-l)
18:
P (t) = B () + Ty - Bk — K);
19: end for
20: Add {t;, P (;)) to Ans;
21:  end if
22:  if |Ans| > k then
23: remove a pair with the smallest prob value from Ans;
24:  end if
25: end for

26: return {t;[(t;, prob) € Ans};
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For every t; € R, the Global-Topk probability of t; can be computed by the following

equation.

P (1) Z T - PG (1) (4.5)
where RE(t,) is RP restricted to {t € R|t ~, 1;}.
Proof. See Appendix B.

Theorem 4.2.1 (Correctness of Algorithm 5). Given a probabilistic relation RP = (R, p,
C), a non-negative integer k and a general scoring function s, Algorithm 5 correctly com-

putes a Global-Topk answer set of RP under the scoring function s.

Proof. In Algorithm 5, by Remark 4.2.1, Line 2 and Line 17 correctly compute 7} ;] for
0< Kk <k-—1,1<i<n-—1,k <i. Theentries in Line 8 serve to compute Line 10
by Equation (4.2) and (4.3). Recall that R?(¢;) is RP restricted to all tuples tying with %,
which is the extreme case addressed in Remark 4.2.2. By Remark 4.2.2, Line 8 collects

the information to compute PR_ISJ(fl)(tl), ie, P(k"),1 < kK" =k — Kk < k. Lines 12-14

RY (tl)

correctly compute those values by Equation (4.4). Here, any non-existing T Lm—1]’

ie.,
j—1¢ [0,m — 1], is assumed to be zero. By Proposition 4.2.1, Lines 15-19 correctly
compute the Global-Topk probability of #;. Also notice that in Line 6, the Global-Topk
probability of a tuple without tying tuples is retrieved directly. It is an optimization as the
code handling the general case (i.e., m > 1, Lines 8-20) works for this special case as

well. Again, the top-level structure with the priority queue in Algorithm 5 ensures that a

Global-Topk answer set is correctly computed. 0

In Algorithm 5, Line 2 takes O(kn), and for each tuple, there is one call to Algorithm
6 in Line 8, which takes O(m?2,.),
Lines 9-11 take O(myay). Lines 12-14 take O(kmyay). Therefore, Algorithm 5 takes

where M., 1s the maximal number of tying tuples.

O(n max(kmmay, m2,.)) altogether.
As before, the major space use is the computation of the two DP tables in Line 2 and

Line 8. A straightforward implementation leads to O(kn) and O(m?,, ) space, respectively.

max

Therefore, the total space is O(n max(k, mmax)). Using a similar space optimization in
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Section 3.3.1, the space use for the two DP tables can be reduced to O(k) and O(mipay),

respectively. Hence, the total space is O(max(k, Mmpax))-

4.3 Query Evaluation in General Probabilistic Relations

Recall that under an injective scoring function, every tuple ¢ in a general probabilistic
relation R = (R, p,C) induces a simple event relation E?, and we reduce the computation
of ¢’s Global-Topk probability in R” to the computation of ¢.,’s Global-Topk probability in
EP,

In the case of general scoring functions, we use the same reduction idea. However, now
for each part C; € C, C; # Clq(y), tuple ¢ induces in EP two exclusive tuples tec, . and le.,
corresponding to the event ec, .. that “there is a tuple from the part C; with a score higher
than that of t”” and the event e, .. that “there is a tuple from the part C; with a score equal
to that of ¢”, respectively. In addition, in Definition 4.3.1, for the ease of description, we
allow the existence of tuples with probability 0, which does not affect the technical results.

This is an artifact whose purpose will become clear in Theorem 4.3.1.

Definition 4.3.1 (Induced Event Relation under General Scoring Functions). Given a prob-
abilistic relation RP = (R, p,C), a scoring function s over RP and a tuple t € Ciq) € C,
the event relation induced by t, denoted by EP = {(E,p” C¥), is a probabilistic relation
whose support relation E has only one attribute, Event. The relation E and the probability

function p” are defined by the following four generation rules and the postprocess step:

® Rule 1.1: t., € Eandp®(t. ) =p(t);

t,

® Rule 1.2: t.,. € FEandp®(t.. )=0;

e Rule2.1:

VCl eCna Cz # Cid(t)'(tecb) S E) and pE(t60i7>) = Zt'eCi p(t/)’

t>qt
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o Rule 2.2:

VO, eCAC; # Cl-d(,g).(te%~ € E) and pE(teCwN) =Y vec, p(t).
t~st

{te o te, . } € CPand {te., _,te.  }€CP

Postprocess step: only when p®(t.. ) and p"(t... ) are both 0, delete both ., . and
t

€C; ™

Proposition 4.3.1. Given a probabilistic relation R? = (R, p,C) and a scoring function s,
foranyt € RP, the Global-Topk probability of t equals the Global-Topk probability of t., ~
when evaluating top-k in the induced event relation EP = (E,p¥ C) under the scoring

function s¥ 1 E — R, §%(t,,») = 5, 8% (te,~) = 5, 8 (tee, ~) = 5 and s"(te,, ) = i:

2 2 €c;,~

P (t) = Pilop (te,~).

Proof. See Appendix B.

Notice that the induced event relation E? in Definition 4.3.1, unlike its counterpart un-
der an injective scoring function, is not simple. Therefore, we cannot utilize the algorithm
in Proposition 4.2.1. Rather, the induced relation E? is a special general probabilistic re-
lation, where each part of the partition contains exactly two tuples. Recall that we allow
tuples with probability 0 now. For this special general probabilistic relation, the recur-
sion in Theorem 4.3.1 (Equation (4.6), (4.7)) collects enough information to compute the

Global-Topk probability of t., .. in EP (Equation (4.8)).

Definition 4.3.2 (Secondary Induced Event Relations). Let EP = (E, p¥ C¥) be the event
relation induced by tuple t under a general scoring function s. Without loss of generality,

assunie

E = {tecl,>; tec1,~7 CI) tecm71,>; tecm71,~ ) tet,> P tet,~ }7
and we can split E into two non-overlapping subsets E. and E.. such that
E> = {teC1,>7 T ’teOm_1,>7 tet,>}7
E” = {tecl,Na e 7tecm_1,~a tetﬁ}-
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The two secondary induced event relation E% and E? are EP restricted to E.. and E..,
respectively. They are both simple probabilistic relations which are mutually related. For
every 1 < i < m — 1, the tuple t; .. (1; . resp.) refers to teg, » (te, . resp.). The tuple t,, ..

(tim,~ resp.) referstot., _ (te, . resp.).

In spirit, the recursion in Theorem 4.3.1 is close to the recursion in Proposition 3.3.1,
even though they are not computing the same measure. The following table does a com-

parison between the measure ¢ in Proposition 3.3.1 and the measure v in Theorem 4.3.1:

{t;lt; € W,

J < ity ~ t}]

Measure | = >, Pr(W)

, (1) W contains t;
q(k, ) 1
(2) W has no more than k tuples from {t,,ts, ..., t;}

, (1) W contains t;
us (k,i,b) b
(2) W has exactly k tuples from {t, ., to~, ..., t; .}

. (1) W contains t;
u~(k,i,b) b
(2) W has exactly k tuples from {t1 ., to ~,... t; }

Under the general scoring function s, a possible world of an induced relation £” may
partially contribute to the tuple ¢,,, .’s Global-Topk probability. The allocation coefficient
depends on the combination of two factors: the number of tuples that are strictly better than
tm,~ and the number of tuples tying with ¢,,, .. Therefore, in the new measure u, first, we
add one more dimension to keep track of b, i.e., the number of tying tuples of a subscript
no more than 7 in a world. Second, we keep track of distinct (k, b) pairs. Furthermore, the
recursion on the measure u differentiates between two cases: a non-tying tuple (handled
by u.. ) and a tying tuple (handled by w..), since those two types of tuples have different
influences on the values of k£ and b.

Formally, let u. (k',i,b) (u~(k',i,b) resp.) be the sum of the probabilities of all the
possible worlds W of E? such that

1. t;~ € W (t; . € W resp.)
2. i is the k'th smallest tuple subscript in world W
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3. the world W contains b tying tuples, i.e., tuples from £, with subscript less than or

equal to 7.

The equations (4.6) and (4.7) resemble Equation (3.3), except that now, since we intro-
duce tuples with probability 0 to ensure that each part of C¥ has exactly two tuples, we need
to address the special cases when a divisor can be zero. Notice that, for any ¢, 1 < 7 < m,

at least one of p”(¢; .) and p¥(; ) is non-zero, otherwise, they are not in E? by definition.

Theorem 4.3.1. Given a probabilistic relation RP = (R, p,C), a scoring function s, t € RP,
and its induced event relation EP = (E,p¥ CF), where |E| = 2m, the recursion in Table
4.1 0nus (K ,i,b) and u.(k',i,b) holds, where by, is the number of tuples with a positive
probability in EP. The Global-Topk probability of t., . in EP under the scoring function

s¥ can be computed by the following equation:

P]E:E(tet,N) = PkE"spE(tm’,\,)

_ bi(i wo (K m, b) + kil K= =0 omb)  @8)
b=1 k=1 o k'=k+1 b o
Proof. See Appendix B.

Recall that we designed Algorithm 1 based on the recursion in Proposition 3.3.1. Simi-
larly, a DP algorithm based on the mutual recursion in Theorem 4.3.1 can be designed. We
are going to skip the details. Instead, we show how the algorithm works using Example 12
below.

The time complexity of the recursion in Theorem 4.3.1 determines the complexity of
the algorithm. It takes O(byaxn?) for one tuple, and O (byaxn?) for computing all n tuples.
Recall that my,,, is the maximal number of tying tuples in R, and thus bp.x < Mpax-
Again, the priority queue takes O(nlogk). Altogether, the algorithm takes O(m.n?)
time.

The space complexity of this algorithm is O(by,.,n?) in a straightforward implementa-

tion and O (byaxn) if space optimized as in Section 3.3.1.
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Wheni=1,0< kK <mand 0 < b < by,
E /
’ . P (t17>) k = 1, b = O
u-(K',1,6) = { 0 otherwise
E !
' _}p (t17~) K=1b=1
u~(K,1,b) = { 0 otherwise
Foreveryi,2 <i<m,0 <k <mand 0 < b < byax,
us (K',i,b) = (4.6)
Condition Formula
K=0 0

1<k < m, pE(ti,17>) >0

1—pP(ticis) — pE(tioi~
(U>(]€,,i—1,b) p ( 1,>) p ( 1, )

pE(ti—1,>)
+us (k' — 1,0 — 1,b)

u (k' — 1,4 —1,0))pP(t; )

<K <m,p (ti71,>) =0

1—pP(ticas) —pP (i)

(u(ki—1,b+1

i)

and0<b<bmX (' — 10— 1,b) PE(tio~)

u (k' — 1,3 —1,0))pF(t; )
I{ZI <m, P (ti_1’>) =0

and b = bmax (us (K — 1,0 — 1,0) + u (k' — 1,5 — 1,b))p"(t; )

u~(K',i,0) = 4.7)
Condition Formula
K=0o0orb=0 0

1<k1<m,1<b<bmax

1—pP(tias) —p(tia~
(Uw(kl,i—l,b) p (tz 1,>) p (tz 1, )

E(t, pE(tici L)
and p”(ti—1,~) >0 tus (K —1,i—1,b—1)
u (K = 1,i = 1,b— 1)p=(t; )
E By
<K <m, 1 <D < byax WAHJ— U p(@;Q P~ (ti1~)
andp (tiii~) =0 pE(tic1>)
+u>(k:’ —1,b—1)

u~ (k' — 1 i—1,0—1))p¥(t;~)

Table 4.1: Recursion in Theorem 4.3.1
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Example 12. When evaluating a top-2 query in R? = (R, p,C), consider a tuple t € R and

its induced event relation EP = (E, p¥ CF)

E. |t t t E_ |t tecy~ | 1 le,

(t) | () | (&) | (t0) (ta) | (ta) | (te) | (ts)
pE 0.6 0.5 0.2 0 pE 0 0.25 0.6 0.4

€Cq,> €Cy,> €C3,> €Cq,~ €C3,~

In order to compute the Global-Topk probability of ts (i.e., t., ) in EP, Theorem 4.3.1 leads
to the following DP tables, each for a distinct combination of a b value and a secondary

induced relation, where by, = 3.

et [ ts | ts | tr | [BNEJ 60 [ ts ] &5 |tr | [R\E | &1 | t3 ] t5 | 7
Ol o]o0o] 0o o Jolol 0 [0 0O Jololo]o
1 06]02[002]0 1 o]0 0 [0 1 Jolofo]o
2 [ o lo3]007]0 2 [oloo002]0 2 Jolololo
310700060 3 Jol0003]0 3 Jololo]o0
4 olo] o0 lo 4 ool 0 |o 4 Tolololo
(@) (b=0, E2) () (b= 1, EY) (©) (b= 2 E)

RNE [t [ts [ ts | tr | [RNE [t [ta [ t6 | ts | [RNE [ 2 | €4 | te ts
o fololo]o o flolofo]o 00| 0 0 0
T Jo[o0[0]0 T o000 1 0] 0.1 ]0.06] 0.008
2 loflofolo 2 loflofolo 2 [0]015]0.21]0.036
3 Jololo]o0 3 Jololo]o0 30 0 [0.18] 0.052
4 olololo 4 [olololo 4 o] o 0 | 0.024
() (b =3, EY) (€ (b=0, E7) (H (b=1,EP)

R\E [t [ ta | te ts WNE [t [ g [t | ts

0o Jolo[ 0 0 o fololol o

1 [0]0] 0 0 1 Jololo] o

2 [olo]o06l0032|| 2] 0l0ol0] o

3 Jol0l009]0104]|] 3 ][0][0]0]0.024

4 ool 0 [0.084 4 ol0]0]o0.036

(9 (=2 EP) () (b =3, E)

Figure 4-1: Mutual Recursion in Example 12

The computation of each entry follows the mutual recursion in Theorem 4.3.1, for ex-

ample,

1—pP(ts) — p"(ts)

us(215,0) = (- (1,15, 0) + (10, 0) + (2,8, 0)——— prsm—=—")p" (1)
3
1-0.5-0.25
= (02+0+ O.ST)O.Q = 0.07
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1 —pP(t3) — pE(t
u-(2,t6,1) = (u=(1,13,0) + u(1,44,0) + u(2,44,1) p-(ts) —p"(ta)

—0.5—-0.25

1
= (0.2 1 6 =021
(0240 +0.15——=—=)0.6 = 0

Finally, under the scoring function s defined in Proposition 4.3.1

Pie(te,n) = Pyys(ts)

= DU ul(k,8,0) + 2 WU%/@',&ZJ))

b=1 k'=1 k'=2+1
= UN(l,tg, 1) + U~(2,t8, 1)

1
+U~(1,t8, 2) + u~(2,t8, 2) + §U~(3,t8,2)

2 1
+U,\,(1,t8,3) + U~(2,t8,3) + §U~(3,t8,3) + §U~(3,t8,4)

1 2 1
= 0.008 + 0.036 + 0 + 0.032 + 50.104 +0+0+ 50.024 + 50.036

= 0.156

Bold entries in Figure 4-1 are involved in the above equation.

4.4 Conclusion

We study the semantic and computational problems for top-k queries in probabilistic databases
in Chapter 3 and Chapter 4.

In Chapter 3, we propose three postulates to categorize top-k semantics in probabilistic
databases and discuss their satisfaction by the semantics in the literature. Those postulates
are the first step to analyze different semantics. We do not think that a single semantics is
superior/inferior to other semantics just because of postulate satisfaction. Rather, we deem
that the choice of the semantics should be guided by the application. The postulates help
to create a profile of each semantics.

We propose a new top-k semantics, Global-Topk, which satisfies the postulates to a

large degree. We study the computational problem of query evaluation under Global-Topk
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semantics for simple and general probabilistic relations when the scoring function is in-
jective. For simple probabilistic relations, we propose a dynamic programming algorithm
and effectively optimize it with Threshold Algorithm. For general probabilistic relations,
we show a polynomial reduction to the simple case, and design Rollback and RollbackSort
optimizations to speed up the computation. We conduct an empirical study to verify the
effectiveness of those optimizations.

In Chapter 4, we extend the Global-Topk semantics to general scoring functions and
introduce the concept of allocation policy to handle ties in score. To the best of our knowl-
edge, this is the first attempt to address the tie problem rigorously. Previous work either
does not consider ties or uses an arbitrary tie-breaking mechanism. Advanced dynamic pro-
gramming algorithms are proposed for query evaluation under general scoring functions for
both simple and general probabilistic relations.

We provide theoretical analysis following every algorithm proposed.

4.5 Future Work

Recently, several new semantics and variants of the existing semantics have been proposed
in the literature [53, 19]. So far, the research reported in the literature has primarily fo-
cused on independent and exclusive relationships among tuples [52, 53, 32, 56, 19]. It will
be interesting to investigate other complex relationships between tuples. Other possible di-
rections include top-k aggregate queries [53], top-k evaluation in other uncertain database
models proposed in the literature [49] and more general preference queries in probabilistic

databases.
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Chapter 5

Preference Strength in Probabilistic

Ranking Queries

In probabilistic database research, there have been elevated interests in top-£ queries [52,
32,58, 19, 28, 42, 60], skylines [50, 3, 44, 57], nearest neighbor queries [15, 14, 5, 13] and
other forms of ranking queries [43]. More often than not, the semantics of those queries
is about the trade-off between probability and score. However, an interesting phenomenon
is that we tend to overlook the importance of score in designing the semantics for various
queries. Take top-k queries for example. Example 13 illustrates one shortcoming of the
Global-Topk semantics. Other semantics of top-k queries, e.g. U-Topk [52], U-kRanks
[52] and PT-k [32], suffer from the same problem.

Example 13. A travel agent is buying two tickets. The choices are as follows.

Flight(duration, price, ...) | Score | On-time
FL10(5.1h, $99) 0.9 0.3
FL20(5h, $200) 0.6 0.4
FL30(5.1h, $205) 0.59 0.1
FLA40(5.2h, $210) 0.58 0.7

where the Score is the normalized score of each flights based on their duration, price, ser-

vice etc., and On-time is the probability that flight is on-time based on historical statistics.
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This decision problem can be formulated as a top-k query over the above probabilistic re-
lation, where k = 2. The Global-Topk return {F' L40(0.5838), F'L.20(0.4)}. However, the
agent is under the pressure of saving cost, and since FL20 is not significantly better on time

compared to FL10 and FLI10 is a lot cheaper than FL20, he might prefer FLI0 instead.

In Example 13, Global-Topk is not able to reflect the preference based on how much
better/worse each alternative is when compared to other alternatives, since the original
Global-Topk semantics uses ordinal scores. In ordinal scores, the preference among tu-
ples remain unchanged as long as the order induced by scores over tuples does not change.
In other words, the magnitude of scores does not matter as long as the order induced re-
mains unchanged. While this property could be desirable in some applications, it might be
counterintuitive in others, e.g., Example 13.

Example 13 illustrates an application where cardinal scores are desirable. While Exam-
ple 13 exemplifies the semantics of Global-Topk of top-£ queries in probabilistic databases,
the ordinal score is a prevalent problem in various kinds of ranking problems in probabilis-
tic databases.

In general, the use of scores is a natural way to express the “degree of preference” when
the alternatives, i.e., tuples, are certain. Notice that preference strength is not an issue in
ranking in deterministic databases: as long as ¢, is better than ¢, by some standard, we have
to choose t; before choosing ¢,. However, when we start considering uncertain data, we
might want to trade in a little probability for a large margin in score. There is a natural
trade-off between probability and score.

In this chapter, we investigate the integration of preference strength into the semantics

of top-k queries in probabilistic databases.

5.1 Preference Strength in Probabilistic Top-£ Queries

5.1.1 Sensitivity Postulates

Recall that we introduce three postulates, namely Exact k, Faithfulness and Stability, in

Chapter 3 to facilitate the selection of the desirable semantics based on the user’s applica-
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tion. Now, we introduce two more postulates: Sensitivity to Probability and Sensitivity to
Score.

Recall the notions used in Chapter 3. For a probabilistic relation R = (R, p,C), denote
by Ansy s(RP) the collection of all top-k answer sets of R under the scoring function s.

Denote by U Ansy, ;(17) the union of all top-k sets, i.e., U Ansy o(RP) = Useans, . (rr)S-

e Sensitivity to Probability: When RP = (R, p, C) is sufficiently large (|C| > |u Ansy s(RP)|)
and k& > 0, then for every t € R — U Ansy, s(RP), there exists a probability function

p’ # p, such that (RP)' = (R,p',Cyand t € U Ansy ((RP)").

o Sensitivity to Score: When RP = (r, p,C) is sufficiently large (|C| > |u Ansy, s(RP)|)
and k£ > 0, then for every ¢ € U Ansy s(RP), there exists a scoring function s’ # s,

such that t € U Ansy, g (RP).

Intuitively, those two sensitivity postulates require that the semantics should be dom-
inated by neither probability nor score. Rather, the semantics should reflect the trade-off
between those two factors. The use of ordinal scores makes it rather difficult to satisfy Sen-
sitivity to Score. In fact, all the semantics considered so far (U-Topk, U-kRanks, Global-
Topk and PT-k) do not satisfy Sensitivity to Score. On the other hand, all of them satisfy
Sensitivity to Probability. This clearly indicates that we weigh probability and score un-

equally in designing those semantics.

5.1.2 Global-Topk”*’ Semantics
We propose Global-Topk™” semantics, which integrates preference strength and satisfies
both Sensitivity to Probability and Sensitivity to Score postulates.

Definition 5.1.1 (Global-Topk”* Value). Assume a probabilistic relation R? = (R, p,C),
a non-negative integer k and a scoring function s : R +— (0,1]|. For every tuple t in
R, the Global-Topk™® value of t, denoted by U,Zf i (t), is the product of its Global-Topk

probability raised to «y and its score raised to 3, where v, 3 € [0, 1].

() = PR s(t)? (5.1)
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Following the notion in Chapter 3, P,fﬁ (t) is the Global-Topk probability of the tuple
t in the probabilistic relation R? = (R, p,C) under the scoring function s. In the rest of
this chapter, we omit the superscripts and subscripts in Definition 5.1 when the context is
unambiguous. That is, denote by P(t) the Global-Topk probability of the tuple ¢, and the
Global-Topk™# value of the tuple ¢ is therefore

V() = P@)-s(t)? (5.2)

A parameterized semantics based on Global-Topk-? values is as follows:

e Global-Topk””: return k highest-ranked tuples with the highest Global-Topk”-*

value.

where v, 8 € [0, 1].
Notice that in Definition 5.1.1, we require the scores to be normalized in order to have

the same range as probabilities, i.e., (0, 1].

Corollary 5.1.1. The Global-Topk™” semantics is a generalization of the Global-Topk

semantics.

Proof. When v = 1 and 3 = 0, the Global-Topk?* value degenerates to the Global-Topk
probability. [

Theorem 5.1.1. When 7y, /51 = 72/P, the Global-Topk™ "' semantics induces the same
order over the tuples in the probabilistic relation R? = (R, p,C) under the scoring function

s as the Global-Topk™??* semantics does.

Proof. We show that if v, /1 = 72/, then for every ¢, ¢, € R,
pIP (tz) ~ b (tj) < 2P (tl) > 252 (tj)

which is a sufficient condition for the theorem to hold.
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071751 (tz) > leﬁl (tj)
o Pt > Pt)s(t)”

o (Pt)s(t) )™ > (P(t)s(t) 7 )"

(since 0 <m < 1) < P(t)s(t)n > P(t;)s(t;)n (5.3)
e JL T2 No(t) 2 AR
(since 5 52) < P(t;)s(t;) 2 > P(t;)s(t;)

(since 0 < < 1) « (P(t)s(t)5)? > (P(t;)s(t;) %) (5.4)

< P(t:)?s(t;)” > P(t;)?s(t;)™

= ’07252(251‘) > 07252(%‘)

Equation 5.3 and Equation 5.4 are due to the fact that the function y = x® is strictly

increasing on x > 0 for any constant a € (0, 1]. O

Theorem 5.1.1 shows that the Global-Topk”? is order-preserving as long as the ratio
between 7 and /3 remains a constant. Notice that in the Global-Topk™* semantics, we only
care about the order induced by the Global-Topk™? values over tuples. In other words, the
exact Global—Topk:WB value does not matter. Therefore, by Theorem 5.1.1, we can fix v = 1
and only vary the 3 parameter in the Global-Topk™* semantics. We refer to the resulting

semantics as the Global-Topk” semantics.

Example 14. In Example 13, by setting 3 = 1, the top-2 flights returned by Global-Topk”
are { FL10, F'L40}.

Corollary 5.1.2. The Global-Topk® semantics is equivalent to the Global-Topk semantics
when 3 = 0.

In the Global-Topk” semantics, the Global-Topk” value of a tuple ¢ is therefore denoted
by vA(¢).
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5.1.3 Postulate Satisfaction

Corollary 5.1.2 illustrates that Global-Topk” coincides with Global-Topk when 3 = 0.
Therefore, we are interested in the postulate satisfaction when 8 > 0. Table 5.1 summarizes
the results. In addition, we also list in Table 5.1 the postulate satisfaction of the original

Global-Topk semantics, especially for the sensitivity postulates.

Semantics Exact k | Faithfulness | Stability | Sens. to Prob. | Sens. to Score
Global-Topk” v VI v v v
Global-Topk v V'Ix v v X

Table 5.1: Postulate Satisfaction for Global—Topk:fB (B >0)

See Appendix C for the proofs of Table 5.1.
As we can see in Table 5.1, Global-Topk? inherits most postulates of Global-Topk
except for Sensitivity to Score. The importance of this postulates lies in the additional

flexibility to specify the trade-off between probabilities and scores.

5.1.4 The Elicitation of the 5 Parameter

As true for any parameterized semantics, the parameter elicitation is important when the
user is unable to supply the parameters directly. If the user wants to use an ordinal score,
he/she should set 3 = 0. Generally speaking, a relatively smaller  emphasizes the proba-
bility factor while a relatively larger S emphasizes the score factor.

If the user is not able to specify the parameter, in most cases, he/she will be able to

supply training data for parameter elicitation.

Definition 5.1.2 (Training Dataset). A training dataset A is a collection of pairwise com-
parisons between tuples. If (t;,t;) € A, then the tuple t; is preferred to the tuple t; by the

user, denoted by t; >, t;.

For each pairwise comparison in the training dataset, we can compute a feasible region

of the parameter 3, such that every 3 value within that region leads to a Global-Topk”
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semantics inducing an order over tuples that is consistent with the pairwise comparison.
Therefore, the elicitation of 8 from the training dataset becomes the computation of the

intersection of feasible regions derived from each pairwise comparison.

Definition 5.1.3 (Feasible Region). Assume a probabilistic relation R? = (R, p,C), a non-
negative integer k, an injective scoring function s and a training dataset A. For every
ti,t; € Rand (t;,t;) € A, the corresponding feasible region I;; is the union of intervals on
the real line such that for every 3 € I;;, v°(t;) > vP(t;).

The feasible region of the training dataset A, denoted by 14, is the intersection of the

feasible regions of every pairwise comparison in A.
Li= () Iy
(ti,t]')EA

For each pairwise comparison in the training set, the elicitation can be categorized into

the following four cases.
Case 1: If t; > to, Pps(t1) > Prs(t2) and ty >, to.
Feasible region: 5 > 0
Case 2: If t; > to, Py s(t1) > Prs(t2) and to >, t;.

Feasible region: . This pairwise comparison is inconsistent to our model.

Case 3: If t1 > to, Pk,s(tl) < Pk’s(tg) and t1 >u to.

log Py, s (t2)—log Py s(t1)
log s(t1)—log s(t2)

Feasible region: J >

Case 4: If t; >, to, Py s(t1) < Prs(t2) and ty >, t;.

log Py, s(t2)—log Py s(t1)
log s(t1)—log s(t2)

Feasible region: 0 < § <

Proposition 5.1.1. The feasible region of a pairwise comparison is a finite union of inter-

vals.

Proof. The feasible region of a pairwise comparison can only be one of the aforementioned

four cases. Each is a finite union of intervals. ]
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Proposition 5.1.2. The feasible region of a training dataset is a finite union of intervals.

Proof. The training dataset contains finitely many pairwise comparisons. Therefore, the

conclusion follows Proposition 5.1.1. [

Definition 5.1.4 (Elicitation Problem). Assume a simple probabilistic relation R? = (R, p,C),
an injective scoring function s and a training dataset A. For every real number [, let f([)
be the number of pairwise comparisons in A whose feasible regions contain 3. The elici-

tation problem is to find {§| maxg~o f(5)}.

The purpose of elicitation is to find intervals on the real line which satisfy the largest
number of pairwise comparisons in the training set A.

Algorithm 7 illustrates the elicitation algorithm for the parameter 5. From the afore-
mentioned case study, we know that the interval derived from a single pairwise comparison
is of the form (0, a) or (b,0). Therefore, in Line 1 of Algorithm 7, those two types of
intervals are ordered on a and b, respectively. Notice that the total number of intervals are
no more than the cardinality of the training dataset A, i.e., n+m < |A], since each pairwise
comparison produces at most one interval, and the empty intervals are filtered out. In Line
2, we mark the real line (0, c0) with points from S, = {ay,...,a,} and S, = {b1, ..., byn},
and rename each point with ¢;,7 = 1, ..., m+n in non-decreasing order. ¢;, 1 <7 < n+m
partition (0, c0) into m + n + 1 intervals. For each end of those intervals, whether it is an
open or close end depends on whether it is a left or right end, and whether it is from S, or
Sp. Line 7 to Line 19 determines whether each end is open or close for all intervals. oo is

always an open end of an interval.

Theorem 5.1.2. Assume a simple probabilistic relation R? = (R, p,C), an injective scor-

ing function s and a training dataset A. For every [ € I* returned by Algorithm 7,

f(B) = maxgo f(5).
Proof. We show that

1. Intervals created by ¢; in Line 6-Line 27 cover the entire range (0, o0);

The intervals in [ are disjoint and their union covers (0,0c). For example, if the

current ¢;, ¢ = 1,...,m + n, is the right end of the current interval and ¢; € 5,,
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Algorithm 7 (3 Elicitation Algorithm

Require: a probabilistic relation R = (R, p, C), a non-negative integer k, a scoring func-

tion s, a training set A

Ensure: a collection of intervals where the 3 value satisfies as many pairwise comparisons

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:

A A

in A as possible

: Compute the feasible region for each pair in A and sort the resulting non-empty inter-

vals into
{(0,a1),...,(0,a,)} U {(by,00), ..., (by,0)}

suchthat ) <a; < ... <a,and 0 < b; < ... < by,
Let S, = {ay,...,a,}and Sy = {by,...,bn}. Letc; € S, U Sy, i =1,...,m+ nand

O<c €... < Cnun

co =0, Cpyny1 = ©
Wy =n, wp =0
I'=g
fori=1tom+n+1do
if ¢;_; € S, then
if ¢; € S, or ¢; == oo then
Icur = [Cifla Ci)
else
Icur = [Ciflu Ci]
end if
else
if c; € S, or ¢; == oo then
Icur = (Cifla Ci)
else
Icur = (Ci—b Ci]
end if
end if
=10 (T}
f(Icur) = Wq + Wy
if ¢; € S, then
Wy = Wy — 1
else if ¢; € S, then
w, = wp + 1
end if
end for

return
I' = max{[;|[; e I}
(L)
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then c; is a close right end (Line 9, Line 15). In the next iteration, ¢; becomes the
left end of the next interval, which is open (Line 9, Line 11). For ¢; € S, similar
reasoning applies. For the boundary case ¢y = 0, since ¢q ¢ S,, either Line 15 or
Line 17 is applicable to this case, which results in an open left end. For the case that

Cm+n+1 = 90, either Line 9 or Line 15 applies, which leads to an open right end.

2. For every interval I; € I, every Global-Topk” semantics where 3 € I; satisfies f(I;)
number of pairwise comparisons in the training dataset A. Line 21 computes the

f(I;) number for every interval in [; € I.

For every § > 0, the total number of intervals from S, U S, which contain 3 is
the number of pairwise comparisons satisfied by the corresponding Global-Topk”
semantics. It is easy to verify that every 3 value from the interval [a;, a;41), 1 <
J < nis contained in n — j intervals (0,a;11),...,(0,a,) from S,. Every /5 value
from the interval (0, a,) is contained in all the n intervals (0,a4),..., (0, a,) from
Sa, while every [ value from the interval (a,,0) is not contained in any interval
from S,. Similarly, every 5 value from (b;,b;11], 1 < [ < m is contained in [
intervals {(b;, ), ..., (b, o)} from S,. Every 8 from (0,b;) is not contained in
any interval from S, while every /3 from (b,,, ) is contained in all the m intervals
(by,0),...,(bm,0) from S,. In Algorithm 7, f(I;) = n — j + [ if and only if
I; < |aj,aj11) and I; < (b, by 1] (Line 3-Line 27), which is the number of intervals

from S, U S, containing 3 for every 3 € I;.

3. Algorithm 7 returns every interval which contains  values that lead to the largest

number of satisfied pairwise comparisons in the training dataset A.

Line 28 in Algorithm 7 returns all and only those intervals with the highest f values,
which is the number of pairwise comparisons satisfied in A by using any 3 from

those intervals.
O

The sorting in Line 1 and Line 2 takes O(|A|log|A|) time, where |A] is the size of

the training dataset. Both the computation of f values (Line 3-Line27) and finding the
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intervals with the maximal f value (Line 28) take a linear sweep over the O(| A|) intervals.

Altogether, Algorithm 7 runs in O(]| A|log | A|) time.

The Generalized Elicitation of the Parameter 5 A generalized situation with 5 elic-
itation is when the user is only able to provide pairwise comparison training data with

uncertainty. In such cases, each pair in the training dataset is associated with a probability.

Definition 5.1.5 (Probabilistic Training Dataset). A probabilistic training dataset A is a
collection of probabilistic pairwise comparisons between tuples. If (t;,t;,p;;) € A, then the
tuple t; is preferred to the tuple t; by the user with a probability p;j, i.e., Pr(t; >, t;) = pij,

where 0 < p;; < 1.
Such uncertainty can be a result of:

1. different confidence levels of pairwise comparisons given as feedback, where the

probability indicates the confidence level, or

2. an aggregation of feedbacks collected from multiple users, where the probability is

the percentage of users confirming the corresponding preference.

In either case, it is possible for two incompatible pairwise comparisons to coexist, i.e.,
(ti,t;,pij) € Aand (t;,t;, p;i) € A. Inthis case, p;; + pji < 1.

It is possible to generalize the (3 elicitation problem (Definition 5.1.4) and techniques in
Algorithm 7 to incorporate uncertainty in the training dataset. In the generalized elicitation
problem in Definition 5.1.6, the intervals derived from pairwise comparisons are now as-
sociated with a weight, which is the probability of the corresponding pairwise comparison.
The elicitation goal is to find intervals on the real line, where every  value maximizes the

weighted total number of satisfiable pairwise comparisons in the training dataset A.

Definition 5.1.6 (Generalized Elicitation Problem). Assume a simple probabilistic relation
RP = (R, p,C), an injective scoring function s and a probabilistic training dataset A. For
every real number 3, let f([3) be the weighted sum of the number of pairwise comparisons
in A whose feasible regions contain [3, where the weights are the probabilities associated

with the pairwise comparisons. The elicitation problem is to find {3| maxg~q f(5)}.
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Algorithm 8 Generalized [ Elicitation Algorithm
Require: a probabilistic relation R? = (R, p, C), a non-negative integer k, a scoring func-
tion s, a training set A of pairwise comparisons with a probability
Ensure: a collection of intervals where the $ value maximizes the weighted sum of pair-
wise comparisons in A
1: Compute the feasible region for each pairwise comparison in A and sort the resulting
non-empty intervals into

{<(07 al)apa1>7 cee ’<(07 an)vpan>} U {<(bl7 OO),pb1>, s 7<(bm7 OO)7pbm>}

suchthat0 < a; < ... <a,and 0 < b; < ... < b,,. Each interval is associated with
the probability of the pairwise comparison giving rise to it.
2: Let S, = {ay,...,a,}and S, = {b1,...,bn}. Letc; € S, U Sp,i=1,...,m+nand

O<c €... € Cnyn

3: ¢ =0, Cyng1 = 0

4: wa:Z?zlpap wy, =0,1,=1,1, =1
5: 1=

6: fori=1tom+n+1do

7.  if¢;_1 € S, then

8: if ¢; € S, or ¢; == oo then
9: I = [Cifla Ci)

10: else

11: Iowr = [Ci—la Ci]

12: end if

13:  else

14: if c; € S, or ¢; == oo then
15: Icur = (C’i—17ci)

16: else

17: Iowr = (Ci—h Ci]

18: end if

19:  endif

20 I =10 {Iu}
21 f(Lewr) = wy + wy
22:  if¢; € S, then

23: Wq = Wq — Pay,» ba = la + 1
24:  elseif ¢; € S, then

25: Wy = Wy +pbib,ib:ib+1
26:  end if

27: end for

28: return [* = maxy,{L;|]; € I}
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Algorithm 8 illustrates the algorithm for eliciting 8 via a probabilistic training dataset.

Algorithm 8 differs from Algorithm 7 in

1. Line 1, where each interval is associated with a weight, which is the probability of

the pairwise comparison where it is derived, and

2. Line 4, Line 23 and Line 25, f(I;) computes the weighted sum of the number of

pairwise comparisons satisfied.

In particular, Algorithm 7 is a special case of Algorithm 8 when p,, = p;; = 1 for every
1=1,...,nand j = 1,...,m, which suggests the pairwise comparisons in the training set
are certain, 1.e., of probability 1, in the case of Algorithm 7. Notice that the incompatible
pairwise comparisons in the training dataset A is not a problem. Their feasible regions do
not overlap, and there will not be an interval where we count both incompatible pairwise
comparisons.

The runtime of Algorithm 8 follows that of Algorithm 7. It is O(|A|log | A]) including

the sorting.

5.1.5 [Experiments

We conduct an experimental study on Global-Topk® semantics and the parameter /3 elici-
tation. We implementation the Global-Topk” semantics in C++ and run experiments on a
machine with Intel Core2 1.66G CPU running Cygwin on Windows XP with 2GB memory.

Each synthetic dataset is a simple probabilistic database containing n tuples, where n
varies from 100 up to 100K. The size n defaults to 10*. Each dataset has a uniform random
score distribution and a uniform random probability distribution. Scores are normalized so
that their values are between 0 and 1. The probabilities and the scores can be uncorrelated
(corr = 0), negatively correlated (corr < 0) or positive correlated (corr > 0). The
correlation corr between probabilities and scores is a real number in [—1, 1].

The parameter 3 ranges from 0.1 to 10. The default value of % in a top-k query is 50.

Summary of experiments
We draw the following conclusions from the forthcoming experimental results:
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The top-k result evolves when the [ value changes. When [ increases, the discrep-
ancy in the top-£ results first increases and then decreases. It changes most rapidly
when [ is at a peak value greater than 1. The peak shifts to the right when the dataset

size increases.
The top-k result evolves more smoothly when the ratio k/n is high.

The discrepancy of the top-£ results is more significant when the dataset has a high
negative correlation. It grows sublinearly with £, and the growth gets slower when

the data correlation becomes more positive.

We experiment with a metric to compare top-k results as sets, as well as a metric
to compare top-k results as vectors. By comparing the two metrics, we see that the
change in the tuple membership in the top-%£ result contributes more to the top-k
result discrepancy when (3 increases. This trend is more obvious for datasets of a

high negative correlation.

The elicitation of [ value is more accurate when the user has a strong bias in the
trade-off of probabilities and scores, which is interpreted as either a very low or a

very high S value.

Both the lack of correlation and a strong negative/positive correlation in the dataset

is helpful to the §3 elicitation.

Distance Measure for Comparing Two Top-£ lists

Normalized Minimizing Kendall Distance We need a distance measure to compare two

top-k£ results. The Kendall distance, or sometimes referred to as the Kemeny distance in the

literature, has been shown to be desirable in comparing rankings in the IR research [22].

We adopt the normalized version of minimizing Kendall distance in [24] for this task.

Fagin et al. [24] proves that it is in an equivalent class of many other popular measures.

Definition 5.1.7 (Minimizing Kendall Distance [24]). Given a relation R, and two top-

k lists 7 and 19, K(71,72) is the minimizing Kendall distance between 11 and 5. Let
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Ti2 = T1 Y To.

K(mi,72) = Z Fi,j(TlaTZ)

(ti,tj)GTLQ XT1,2,8<]
where Ki,j = 1 ifit falls in one of the following two cases, Fi,j = 0 otherwise.

Case 1 Botht; and t; appear in T and T, but in opposite order;

Case 2 Botht; and t; appear in exactly one top-k list, and only the one ranked lower appears

in the other top-k list.

Case 3 Exactly one of t; and t; appears in exactly one of T, and T».

Intuitively, K (71, 72) counts the number of distinct ordered pairs of 7y 5 which are
ranked in the opposite order by 7; and 7. Here, ranking in the opposite order can be
either explicit (Case 1), or implicit (Case 2 and Case 3). In all cases, we can infer that ¢;
and t; are ranked in the opposite order in every two permutations of 12 extending 7; and
T, respectively. It is called minimizing Kendall distance because it is the lower bound of
the number of pairs ranked in the opposite order in any two permutations of 12 extending
71 and Ty, respectively.

The maximum value of K(71,7) = k?, which happens when the two top-k lists are
disjoint. This is also the denominator used in the normalized version of K. We use the
normalized minimizing Kendall distance as the distance measure in our experiments. K
stands for the normalized distance from now on. It is a real number from [0, 1]. It reaches
0 when the two top-k lists are identical and reaches 1 when the they are disjoint. Notice
that if the two top-k lists contain the same set of tuples but are in the reverse order to each
other, then the Kendall distance is (k(k—1)/2)/(k?*) = (k—1)/(2k) ~ 1/2. Intuitively, the
larger the Kendall distance, the smaller the intersection of the two lists and/or more reverse
pairs in the two lists. Similarly, a small Kendall distance suggests a large overlap of the
two lists and less reverse pairs in the two lists.

The degree of overlap of two top-£ lists can be captured by the classical Jaccard dis-

tance. The Jaccard distance of two top-k£ list 7; and 73 is defined by

| numn|—|nnmn)

J(Tl,TQ) =

|71 U T
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Proposition 5.1.3. Given two top-k lists 11 and 15, their normalized Kendall distance

K (11, T2) and their Jaccard distance J(71, 1) satisfies J (11, Ta) < /K (71, T2).

Proof. Assume the two lists 7; and 7, differ in n4;¢ s tuples, then each top-k list has ng;¢y
tuples not in the other list. Every ordered pair (¢;,¢;) € (71 — 72) x (72 — 71) falls in Case
3 of Definition 5.1.7, and therefore has K; ;(71,72) = 1. Therefore, k2K (11, 72) > n% -
On the other hand, the Jaccard distance J(7, 75) = nd—;cff Altogether, we have J (71, 73) <

K (11, 72). O]

In some experiments, we calculate the Jaccard distance J (71, ) as well as the Kendall
distance K (71, 72) in comparing top-k results. This helps us to understand the composition
of the Kendall distance better. Roughly speaking, J?(7;, 75) out of K (7, 7) is caused by
memberships of the top-£ list only, while the rest is caused by pairwise orders together with

the memberships.

Evolvement of Top-% Results with 3

Figure 5-1(a) illustrates the evolvement of top-£ results with increasing 3 values. We com-
pute the Kendall distance of two top-k lists returned by the Global-Topk” semantics param-
eterized by consecutive (3 values from {1/10,1/8,1/6,1/4,1/2,1,2,4,6,8,10}. In order to
be unbiased with regard to the data correlation, each data point in Figure 5-1(a) is the aver-
age Kendall distance of 13 datasets with correlations evenly ranging from —1 to 1.

Each curve in Figure 5-1(a) corresponds to a group of datasets of the same size. We
observe in Figure 5-1(a) that for datasets of size 100,1K and 10K, with the increase of
B, the Kendall distance increases to a peak value and then decreases. The peak value of
each curve is a 3 value to the right of 1, and it shifts to the right with the increase in the
data size (n = 100, n = 1K, n = 10K). It seems that the decrease does not happen for
n = 10K. However, noticing the shift of peak values, it may well be that the peak value
of curve n = 100K locates at the further right of the figure and is therefore not displayed.
Therefore, Figure 5-1(a) shows that the change in top-k result is most significant when the
[ value is close to the peak value for datasets of the same size. Both extremely small or

large S values have little influence over the top-k results.
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We observe in Figure 5-1(a) that the curve corresponding to datasets of a large size is
rougher than that corresponding to datasets of a small size. As a proof, we zoom in on
the curve n = 1K and the curve n = 100K in Figure 5-1(a). The results are shown in
Figure 5-1(c) and Figure 5-1(d), respectively. In both figures, we show only 5 out of the
11 datasets of different correlations for clarity. It is clear now that change in the Kendall
distance is smooth in Figure 5-1(c), while it is rough in Figure 5-1(d), where the data size
is larger. One explanation is that, as we fix & to 50 in this experiments, the percentage of
the top-k result decreases with the increase in data size. For example, in a dataset of size
1K, the top-k result contains 0.5% of the population, while in a dataset of size 100K, the
top-k result contains merely 0.005% of the population. Therefore, the change in the top-k

result is more significant in a large dataset.

Evolvement of Top-% Results v.s. Data Correlation

Figure 5-1(b) illustrates average Kendall distances for datasets of data correlations rang-
ing from —0.8 to 0.8. For each data point in Figure 5-1(b), we average over the Kendall
distances of two top-k lists returned by the Global-Topk” semantics parameterized by con-
secutive 3 values from {1/10,1/8,1/6,1/4,1/2,1,2,4,6,8,10}. The general trend is that
the change in top-k results is less significant for datasets where the probability and the
score have a higher positive correlation. This trend fits our semantic design nicely. Recall
that the Global-Topk”® semantics satisfies the Faithfulness postulate. In its proof (c.f., Ap-
pendix C), we can see that if a tuple ¢; is of both a higher probability and a higher score
than those of a tuple t,, then the Global-Topk” probability of ¢; is higher than that of t,.
In other words, their relative order in the Global-Topk” ranking is predetermined. On the
other hand, a high positive correlation between probabilities and scores suggests more such
pairs of tuples, and therefore it is less flexibility in producing different top-k results in such

datasets.

Evolvement of Top-% Results v.s. &

Figure 5-1(e) illustrates average Kendall distances for top-k queries with k ranging from

100 to 900. We use five datasets, each contains 10? tuples and is with correlation evenly
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ranging from —0.8 to 0.8. Same as before, each data point in Figure 5-1(e) corresponds to
the average Kendall distances of two top-k lists returned by the Global-Topk” semantics
parameterized by consecutive (3 values from {1/10,1/8,1/6,1/4,1/2,1,2,4,6,8,10}. In
Figure 5-1(e), the average Kendall distance increases with k. All five datasets display
a similar sublinear increasing trend, however, the increase gets slower when the positive

correlation in the dataset increases.

Evolvement of Top-~# Composition

This set of experiments study the composition top-£ results. We use five datasets with a
correlation ranging from —0.8 to 0.8. For each dataset, we compute the top-£ lists returned
by the Global-Topk® with consecutive 3 values from {1/6,1/4,1/2,1,2,4,6}. Then, we
compute the Kendall distance and the Jaccard distance for every two consecutive top-k
lists returned. The result is shown in Figure 5-1(f). The quantity reported in Figure 5-1(f)
is J?/K, i.e. the percentage of the Kendall distance caused by the memberships of the
top-k list only. We use datasets of size 10* and set & = 500 in this set of experiments.

We can see from Figure 5-1(f) that in general the quantity J2/K increases with the
[ value regardless of the data correlation. On the other hand, the increase in S implies
that more weight is given to the score value. Therefore, Figure 5-1(f) shows that a larger
fraction of the Kendall distance is derived from the memberships of top-£ lists when more
weight is given to the score value. In Figure 5-1(f), this trend is more obvious when the

probability and the score are of a high negative correlation.

Parameter [ Elicitation

Our final set of experiments is on the elicitation of the parameter 3. We focus on the gen-
eralized parameter [3 elicitation problem in Algorithm 8, where each pairwise comparison
is associated with a probability. The [ elicitation problem in Algorithm 7 is a special case
of this problem. In this set of experiment, we use a dataset of 1000 tuples and correlation

—1. Parameter £ is fixed to 20. The elicitation process is set up as follows.

1. Assume the ground truth 3 value and compute the Global-Topk® value for each tuple
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in the dataset;

2. Generate 5 user feedback training datasets. Each contains ¢rn non-trivial and con-
sistent pairwise comparisons, i.e., Case 3 and Case 4 in Section 5.1.4. Each pairwise

comparison is associated with a probability randomly chosen from (0, 1];

3. Run the elicitation algorithm (Algorithm 8) with a training set, and compute the

length of the interval returned by the algorithm;

4. Take 5 runs of the above step, each time with a different training set, and return the

average interval length.

We use the elicited interval length to measure the quality of elicitation. A small interval
can identify the true 3 value more accurately than a large interval. Figure 5-2(a) illustrates
the results where we experiment with a true [ value ranging from 1/10 to 10, and a training
set size trn ranging from 100 to 500. Each curve in Figure 5-2(a) represents a set of
experiments using training sets of the same size. It follows our intuition that the larger the
training data size, the more accurate the elicitation result, i.e., a smaller the interval length.
In addition, the elicitation result of a large training dataset is also more stable than that of
a small one in terms of the fluctuation in between consecutive true § values. In general,
the elicitation result is more accurate when the true (5 tends to the two extremes, which
follows the intuition that it is easier to elicit when the user’s preference is biased towards
probabilities or scores.

Figure 5-2(b) and Figure 5-2(c) shows the influence of the data correlation on the elici-
tation quality. We fix the true 5 = 10 and k& = 300. Figure 5-2(b) shows the average elicited
start and end values of the intervals for datasets of different correlations, while Figure 5-
2(c) show the corresponding interval length. In Figure 5-2(c), we observe double peaks
in the curve. The elicitation is more accurate when the correlation between probabilities
and scores are either low (corr = 0), or high (negatively or positively). The experiments

suggest that user feedbacks are needed when the correlation in the dataset is moderate.
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5.1.6 Related Work

The concept of preference strength has been discussed under the name of preference inten-
sity or preference difference in the literature of decision making, utility theory, operations
research and psychology. The literature related to our work can be roughly divided into
two areas. One studies the decision making under risk/uncertainty and the other studies the
preference strength in decision making.

For the former, risk management in utility theory [39] discusses how to use extensive
measurement, i.e. an axiomatic method, to measure risk. The results are built on a different
uncertain data model. Essentially, given a probabilistic database R = (R, p,C), instead
of measuring each tuple ¢ € R, this model measures each part C' € C. Choices are made
among parts other than tuples. Another theory uses the same model is the expected utility
theory [39]. For a more recent survey and comparison between those two theories, please
refer to Fishburn’s survey [26]. Due to the difference in the underlying data model, it is not
clear how we can utilize those results in our context.

For the latter, [38] gives a historical review of ordinal v.s. cardinal utility and also
simplifies earlier derivations of cardinal utility. It summarizes the context where cardinal
utility is usually accepted, and decision making under risk/uncertainty is one of them. It
points out that if “preference difference are not rejected per se, then it follows that relatively
simple consistency conditions already imply cardinal utility”. [18, 2] discusses the problem
of eliciting a consensus of preferences given the information of degree of preferences. [54]
discusses the application of preference strength in multiple criteria decision making. It also

gives a result concerning strength of preference in decision making under risk.
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Chapter 6

Set Preferences

In this chapter, we propose a framework to handle set preferences . We start by introducing
several notions that will be used in this framework, including those inherited from the tuple

preference framework proposed by Chomicki [16].

6.1 Basic Notions

For a relation schema R = (A, ..., A,,), we define the domain of R as the cross product

of the domains of its attributes, i.e. Dom(R) = Dom(A;) x ... x Dom(A,,).

Definition 6.1.1 (Tuple Preference [16]). Given a relation schema R = (A, ..., Ay, a

tuple preference relation > is a subset of [Dom(R)1?. If for a first order formula C,
C(tl, tg) = tl > t2

then the tuple preference is defined by the formula C. We then denote the preference rela-

tion by >¢. The indifference relation ~¢ generated by > is
hh~cthethi Ytanta

As a binary relation, a preference relation > can have typical properties such as ir-

! An earlier version of some of the results was presented in [59].
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reflexivity, asymmetry, transitivity, negative transitivity and connectivity. Like other binary
relations, a preference relation > can be a strict partial order, a weak order, or a total or-
der. Interested readers can consult Section 2.1 for the definitions of various properties and
orders of binary relations.

For a tuple preference, the computation of the best tuples is embedded into Relational

Algebra (RA) in the form of a winnow operator.

Definition 6.1.2 (Winnow Operator [16]). If R is a relation schema and > a preference
relation over R, then the winnow operator is written as wc(R), and for every instance r of

R: we(r) = {ter|—-3t' e rt’ >¢ t}.

We make the standard assumptions of the relational model of data. In particular, we as-
sume that we have two attribute domains: rational numbers (Q) and uninterpreted constants
(D).

We capture the quantities of interest for subsets using subset features.

Definition 6.1.3 (Subset Feature). Given a relation r, a subset feature F(-) is a function:

subsets(r) — Dom(F), where Dom(F) (either Q or D) is the domain of feature F.

Definition 6.1.4 (Subset Profile Schema). Given a relation r, a subset profile schema I is

a schema (Fy, ..., Fm), where F; is a subset feature, i = 1,... ,m.

Definition 6.1.5 (Subset Profile Relation). Given a relation r and its subset profile schema

['={(F,...,Fn) the subset profile relation ~ is defined as
v = {t|3s € subsets(r),t = (Fi(s), ..., Fm(s))}.

The tuple (Fi(S), ..., Fm(s)) is the profile of s under I, denoted by profiley(s).

6.2 Aggregate Feature Definition

In this work, we consider single-valued features whose value is a real number, as it is often

the case in real applications [21]. This is achieved by defining features as aggregate values
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in Definition 6.2.1. Other possible features includes boolean features, which we do not

consider here.

Definition 6.2.1 (Aggregate Subset Features). Given a relation r with schema R, an ag-
gregate subset feature F is defined by a parameterized SQL query of the form
SELECT expr FROM $S WHERE condition

where

(1) $5Sis adistinguished set parameter whose values can be instantiated to an arbitrary

subset of 1, i.e. Dom($S) < subsets(r);

(2) expr is of the form aggr ([DISTINCT] A), where aggr € {min, max, sum,
count, avg}, A is an attribute of R, or a function of constants and the above ag-

gregates.
(3) the FROM list contains a single item which is $S or an alias for $S;

Example 15. In Example 3, the quantity of interest in (Cl1), (C2) and (C3) is captured by

the subset feature F1, F5 and F3, respectively.

F1 = SELECT sum(price) FROM $S
Fo = SELECT count (title) FROM $S WHERE genre=’'sci-fi’
F3 = SELECT count (DISTINCT vendor) FROM $S

where S is a set parameter that can be substituted by any 3-subset of Book, since Alice
decides to buy three books.

Given any subset s of Book, we can evaluate the value of each feature by instantiating
the set parameter in the feature definition with s. Assume s = {ay, as, ag}, then Fy(s) is
the scalar result of the query

SELECT sum(price) FROM s
which is $15.00 + $20.00 + $25.00 = $60.00. Similarly, F5(s) = 2 due to the eval-
uation result of SELECT count (title) FROM s WHERE genre=’sci-fi’, and

F3(s) = 2 due to that of SELECT count (DISTINCT vendor) FROM s.

The following example illustrates a subset profile schema and relation based on aggre-

gate subset features in Example 15.
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Example 16. Continuing Example 15. Let the subset profile schema T = {(Fy, Fo). The
profile relation 7y contains, among others, the following tuples: (360, 2), which is the profile

of the subsets {ay, as, a3} and {as, a3, as}; and ($61,2), which is the profile of {a3, ar, as}.

6.3 Profile-based Set Preferences

Now we can define set preferences over subsets as tuple preferences over the corresponding
profiles. Typically, a tuple preference relation is defined using a first-order formula [16], as

is the case for the tuple preference for (C1) in Example 3.

Definition 6.3.1 (Set Preference). Given a relation schema R = (Ay, ..., A,,), a set pref-

erence relation - is a finite subset of the product [subsets(Dom(R))]?.

In principle, set preferences could also be defined using logic formulas. However,
second-order variables would be necessary. To avoid the conceptual and computational
complexity associated with such variables, we consider only set preferences that are based

on profile preferences.

Definition 6.3.2 (Profile-based Set Preference). Let " = (F,. .., F,.) be a profile schema
and >¢ a tuple preference relation, which is a subset of [Dom(F;) x ... x Dom(F,,)]*

A set preference - is based on ' and > if for every set s| and ss,

S1 > So < profiler(s1) >¢ profiler(s2).

We then denote the set preference relation by $-r c).

Proposition 6.3.1. If a tuple preference relation > is a strict partial order, then for any

profile schema T', the set preference relation ¥~ ¢y is a strict partial order as well.

Recall that an essential component of set preferences consists of the desired values
or orders of the quantities of interests, which are captured by a preference relation over
profiles. In fact, in order to elaborate a set preference in our framework, a user needs to do

the following:
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1. Provide a subset profile schema by defining subset features F1, ..., Fp,.

2. Specify the profile preference using a tuple preference formula.

Definition 6.3.2 provides a general framework for set preferences. As we will see
shortly in Section 6.4, we restrict the computation problem to the evaluation of set pref-
erences among subsets of fixed cardinality in this work. In our book purchase running
example (Example 3), Alice is buying three books. Example 17 and Example 18 of set
preferences build on Example 3, where we essentially work with subsets of fixed cardinal-

ity 3.

Example 17. Assume I' = (Fy, Fo, F3) as in Example 15. We can define the proper
preference formula Ci,i = 1,...,4 over I, such that individual set preference (C1-C3) is

based on 1" and >c;. For example, we define 3 c1) as

S1 27(r,c1) S2
< (Fi(s1), Fa(s1), Fa(s1)) >c1 (Fi(s2), Fa(s2), Fa(s2))
= fl(Sl) < .Fl(Sg).

Individual preference formulas can be the building blocks of more complicated prefer-
ences, where formulas are assembled to express union, intersection, prioritized composi-

tion and Pareto composition of preferences [16].

Example 18. Consider the prioritized composition of (C2) and (C1) in Example 3. Let the
profile schema 1" = (Fy, Fo, F3), and the preference formula C4 over I be such that

S1 >>(F,C’4) Sog <= (.7"2(81) =1A FQ(SQ) #* 1)
\/(fg(sl) =1A JT"Q(SQ) =1A .7:1(81) < JT"1(82))
V(Fa(s1) # 1A Fose) # 1 A Fi(s1) < Fi(sa)).

Then C'4 is the prioritized composition of C2 and C'1.
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6.4 Computing the Best k-subsets

We make a decision to work with subsets of fixed cardinality. There are two reasons for this
choice. First, fixed cardinality allows us to focus on the composition of a subset and the
interaction among the tuples in the subset. The cardinality of a subset might have influence
on certain set properties. For example, if we do not limit the cardinality in preference (C1),
then we certainly prefer small subsets, since buying fewer books costs less. In this extreme
case, the best subset would be the empty set which costs $0. However, in reality, this is
rarely what we intend. Likewise, many applications have an explicit or implicit requirement
on cardinality. For example, a board election typically has a fixed number of seats to be
filled. A university usually admits a class of a predetermined size. A poll company has

limited resources for interviewing only a certain number of people.

, a k-subset

Definition 6.4.1 (k-subset). Given a relation r and a positive integer k, k < |r
s of r is a subset of r with cardinality k, i.e. s € r and |s| = k. Denote by k-subsets(r) the

set of all k-subsets of .

Definition 6.4.2 (k-subset Profile Relation). Given a relation r and its subset profile schema

I'={(F,...,Fn) the k-subset profile relation v, is defined as

Y& = {t|3s € k-subsets(r),t = (Fi(s),..., Fm(s)}.

We omit the subscript k in 7, when the context is unambiguous.

6.4.1 Basic Algorithm

For a tuple preference, the computation of the best tuples is embedded into Relational
Algebra (RA) in the form of a winnow operator (c.f., Definition 6.1.2). In addition to the
universal Nested Loops (NL) algorithm, many other efficient evaluation algorithms have
been proposed when the preference relation is a strict partial order. Among other, there are
Block Nested Loops (BNL) [7] and Sort-Filter-Skyline (SFS) [17].

In our framework, a set preference is formulated as a tuple preference relation >¢

over a profile schema I', which in turn defines a winnow operator, i.e. wc(I'). The best
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k-subsets are computed by winnowing over the profile relation y containing the profiles of
all k-subsets of a given relation 7.

Algorithm 9 applies winnow on a stream of profiles of all £-subsets.

Algorithm 9 Basic Algorithm
Require: a profile schema I', a profile preference relation >, a relation 7 and a positive
integer k, k < |r|
Ensure: the best k-subsets of 7 under the set preference 3 ¢
1: Generate all k-subsets of relation r and for each compute its profile based on the
schema I, obtaining the profile relation ~.
2: Compute ' = we(7y) using any winnow evaluation algorithm, e.g. BNL [7].
3: Retrieve the subsets corresponding to the profiles in +'.

For the generation of candidates k-subsets in Line 1 of Algorithm 9, any sound and
complete k-subset generator suffices. We arbitrarily choose a lexicographical k-subset
generator[40] which produces k-subsets in the lexicographical order of the tuple indices.
An index vector representation of a k-subset is the vector of its tuple indices in ascending
order. For example, the index vector representation of a 3-subset {t,t5,t1} is (1,2,5).
The representation is unique for each distinct k-subset. Consequently, the enumeration of
k-subsets is equivalent to the enumeration of their index vector representations. Algorithm
10 illustrates the core algorithm used in the lexicographical k-subset generator. It takes the
index vector representation of a k-subset and returns the index vector representation of the
next k-subset in the lexicographical order (if any).

Algorithm 9 is only practical for a small k; for a large k, the number of k-subsets (})

can be very large, and exhaustive enumeration might not be acceptable. On the other hand,

n

k) when the set preference relation ¢

since the number of best sets can be as large as (
is empty, the worst case complexity £2(n*) is unavoidable.

In the following sections, we identify redundant k-subsets generated in the basic algo-
rithm, i.e., k-subsets whose profiles will be dominated by other profiles or whose profiles
are repeated. We propose two optimization techniques: superpreference and M-relation.
Roughly speaking, superpreference can filter out tuples that do not contribute to any best

k-subset, and M-relation groups together tuples that are exchangeable with regard to the

given set preference. Both techniques tends to reduce the number of candidate k-subsets

90



Algorithm 10 k-subset Lexicographical Successor

Require: a relation r, a positive integer k, k < |r| and the index vector representation T
of a k-subset
Ensure: the index vector representation 7,,.,; of the lexicographical successor of T’
1: Tnext - T

2: no=|r|

3:i=k

4: whilei>1land T.i==n—k +ido
50 1=1—1

6: end while

7: if i==0 then

8:  return ‘“no more k-subsets”
9: else

10 forj =itokdo

11 Thewrj =T i+1+j—i
12:  end for

13: return fnm

14: end if

and therefore speed up the preference query evaluation.

6.4.2 Superpreference

The idea is that, given the set preference relation 3~ ), we are trying to find a superpref-
erence relation >* such that if £, >T {5, then every k-subset with ¢, is preferred (under
»(r,0)) to every k-subset with ¢ as long as these two k-subsets are otherwise identical, and

vice versa.

Definition 6.4.3 (Superpreference Relation). Given a relation r, a positive integer k < |r|
and a set preference relation 3~ ¢y, the corresponding superpreference relation, denoted

by >7, is such that

ty >Tty e tier ntyer A[VS € (k-1)-subsets(r\{t1,t2}),
s"U{ti} ) 8" U {ta}]
The cover of t is defined as the set of tuples dominating ¢ under >*, i.e. cover(t) =

{t' erlt/ >* t}. Whent, >* ty &ty €er antyer nCT(t1,tz) and C7 is a first-order

formula, then we say that > is locally defined using C™.
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Proposition 6.4.1. Given a relation r, a positive integer k < |r| and a set preference

relation - ¢, for every s € k-subsets(r),
[3s' € k-subsets(r),s' .y s] = [Vt € s, cover(t) < s]. (6.1)

Proof. 1f for some best k-subset s and some ¢ € s, there is a tuple ' € r such that ¢ €

cover(t) — s, then (s\{t}) U {t'} >(r,c) s, which is a contradiction. O

Equation 6.1 is a necessary condition for a best k-subset. In Algorithm 11, we apply

Equation 6.1 in two places:

1. Every tuple ¢t whose |cover(t)| = k is discarded, as it cannot be in any best k-subsets

(Line 2);

2. During the candidate k-subset generation in Line 3, we skip those candidate k-subsets
not leading to a best k-subset by Proposition 6.4.1. To be more specific, in Line 3
of Algorithm 11, we use a modified version of Algorithm 10 as the lexicographical
k-subset generator. This modified version applies a filter after Line 12 in Algorithm
10 to check whether property (6.1) holds for all the new elements generated from
Line 10 to Line 12. If not, it repeats Line 1 to Line 12 until it finds the first successor

k-subset satisfying property (6.1), or all k-subsets are exhausted.

Algorithm 11 Superpreference Algorithm

Require: a profile schema I', a profile preference relation >, a relation 7 and a positive
integer k, k < |r|, >7 locally defined using C'*

Ensure: the best k-subsets of 7 under the set preference 3~ ¢

1: Do pairwise comparison between tuples in r, and determine cover(t) for each t € r.

2: Letr’ = {t € r||cover(t)| < k}.

3: Using a modified version of Algorithm 10 to generate all k-subsets s of 7’ such that
Vt € s,cover(t) < s and compute the corresponding profile relation 7' based on the
schema I'.

4: Compute 7" = we(7') using any winnow evaluation algorithm.

5: Retrieve the subsets corresponding to the profiles in ~”.

If the superpreference >* is a weak order, Algorithm 12 can further reduce the input

(r") to the lexicographical k-subset generator, which leads to fewer candidate k-subsets.
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Algorithm 12 Superpreference Algorithm under Weak Order Superpreference
Require: a profile schema I', a profile preference relation >, a relation r and a positive
integer k, k < |r|, >* locally defined using C'*
Ensure: the best k-subsets of 7 under the set preference 3~ ¢
1: Letr’ = we+(r).
2: If || = k, generate all k-subsets of 1 and the corresponding profile relation +' based
on the schema I', otherwise ' = 7" U we+ (1 — ') and repeat this step.
3: Compute v = we(7') using any winnow evaluation algorithm.
4: Retrieve the subsets corresponding to the profiles in ~”.

In order to illustrate the importance of the weak order requirement in Algorithm 12, let
r1 = we+ (1), ro = we+(r—r1), r3 = we+ (r—r1 —7r3) ...so on and so forth until all tuples
in r are exhausted. If the superpreference > is a weak order, then by the definition of weak
orders every tuple in r; U. . . UT; is superpreferred to every tuple in r —ry —. . . —r;. In other
words, every tuple in r; U ... U r; belongs to the cover of every tupleinr —r; —... —r;. If
r1U...uUr; contains no less than £ tuples, we already know that the cover of every tuple in
r —r; —...—r; has a cardinality no less than £, and therefore can be discarded. A general
strict partial order does not guarantee such a relationship and thus we have to keep track of
the covers of individual tuples (Algorithm 11).

It still remains to be shown how to construct the formula C'* given the profile schema I
and the profile preference formula C'. Our study shows that for restricted classes of profile
schemas and profile preference formulas, C'* can be constructed systematically.

Definition 6.4.4 introduces an important class of features, i.e., additive features. As we
will see shortly in this section as well as in Section 6.4.4, the additivity of features enables

various efficient optimization techniques.

Definition 6.4.4 (Additive Subset Features). Given a relation r and a subset feature F, F

is additive if for every subset s € subsets(r), and every t € r — s,

Flsufth) = Fls)+f(t)
F{t) = [

where f is a function of t only, called the base of F.
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Proposition 6.4.2. If an aggregate feature F is of the form
SELECT expr FROM $S WHERE simple-condition

where

(1) expr is of the form aggr (A), where aggr € {sum, count }, A is an attribute of

r, or a linear combination of constants and the above aggregates
(2) simple—-condition does not contain subqueries
then F is additive.

Proof. Under the above conditions, we can show by case study that function f(t¢) in Defini-
tion 6.4.4 always exists. For example, if the aggregate is sum, F(su{t}) = F(s)+c(t)-t. A,
where A is the quantity of interest in F, i.e. the attribute in SELECT clause, and ¢(-) is an
indicator function of the condition in the definition of F. An indicator function returns

1 when the condition is satisfied, 0 otherwise. O

Theorem 6.4.1. If a profile-based set preference is defined as a constant-free DNF formula

s1 w0y 52\ (\(Fj(s1) 0Fi;(52))) (6.2)

i=1 j=1

where 0 € {=, #, <,>, <, =} and F;; is an additive aggregate subset feature, then C* can

be defined by a first-order formula which is independent of k.

Proof. Assume s’ is a (k-1)-subset of the relation r, we have the following rewriting

ty >ty < tier antyer a|Vs € (k-1)-subsets(r\{t1,t2}),
s'U{ti} o) 5" U {ta}]

< tier Atyer A Vs € (k-1)-subsets(r\{t1,2}),

V AFu(s o {ta}) 0F5(s o (1))
i=1 j=1
Since F;; is additive, we can show by case study that each F;;(s" U {t1}) 0.F;;(s" U {t2})

is equivalent to a formula D;; (t1,t2) of t; and ¢, only. For example, assume aggr in Fij1s
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sum, and ¢ is >, then with the abuse of the indicator function c;; (+) as a boolean variable,

we have
Fij(s' v {ta}) > Fiy(s' o {ta})
& Fii(s') +ci(th) -t Aij > Fig(s') + cijlta) - 1. Ay
= (Cij(tl) A Cz'j(tz) A tl-Aij > tQAz])
V(Cij(tl) A\ _'Cij(tg) A tl-Aij > 0)
V(_'Cij(tl) A Cij<t2) 7AN tQ.AZ’j < 0)
Therefore,

ty >Tty o tier antyer an|Vs € (k-1)-subsets(r\{t1,t2}),

n o m;

V (/\ (Dt 22)))]

i=1 j=1

where D;;(t1,12) is a formula with only variables ¢; and t,. In particular, D;;(¢1,t2) does
not contain the set variable s’. It can be shown that we can eliminate s in the above formula,

in which case,

n - m;

t1 > ty & t1eErntyera \/(/\(Dzj(tl,tg)))
i=1 j=1
By rewriting every conjunct in C, we obtain C* = /| (A2, (Dy;(t1, t2))). O

The additive subset features identified in Proposition 6.4.2 are eligible for the rewriting
technique in Theorem 6.4.1. However, this rewriting does not work for features defined by
min, or max, or avg with non-TRUE WHERE condition, since they are non-additive. In
those cases, if we rewrite () as an expression of s" and ¢, the term(s) containing variable
s’ cannot be cancelled on both sides of 6. Intuitively, it states that we cannot determine
which of ¢; and ¢, is superpreferred without looking at the tuples in s’. For example,

consider the case where aggr is avg, the condition is non-TRUE, and 6 is >, the
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rewriting technique in Theorem 6.4.1 generates the following inequality:

Fij(s'uiti}) > Fi(s' v {ta})
bij(s') - Fij(s') + cij(t) - t1- Ay > bij(s') - Fig(s') + cij(ta) - 1. Ay
bij(s') + cij(t1) bij(s") + cij(t2)

where b;;(s") = [{t|t € s’ A ¢;;(t)}|. After simplifying the above inequality, we still have
terms of variable s’

In most cases, we can use domain knowledge to significantly simplify the rewriting
approach described in Theorem 6.4.1. For the rewriting example in the proof of Theorem

6.4.1, if A;; is price, which is always positive, then the rewriting is simplified to

Cij(tl) A (tlA” > tQ.Aij \ _‘Cij(tg))

Example 19. In Example 3, consider the following preference
(C5) Alice wants to spend as little money as possible on sci-fi books.
(C6) Alice wants the total rating of books to be as high as possible.
and the set preference is the intersection of (C5) and (C6). Let T' = (F5, Fg)
F5 = SELECT sum(price) FROM $S WHERE genre=’sci-fi’
Fe¢ = SELECT sum(rating) FROM $S
and s1 ¢y S2 ff F5(s1) < Fs(s2) A Fe(s1) > Fe(s2). The superpreference formula ct

obtained under the assumption that price > 0 is

C*(t1,te) < ti.rating > ta.rating A ta.genre = 'sci-fi’

A(t1.price < ty.price v ti.genre # ’sci-fi’).

Note that two important classes of preferences skyline [7] and p-skyline [47] can be

expressed in the form of the formula in (6.2).
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6.4.3 Properties of Superpreference
A Special Case

Proposition 6.4.3. For a constant-free DNF profile preference formula C (c.f., Equation
6.2), if all features in C' are additive , then the superpreference > constructed preserves

the order properties of > (strict partial order, weak order and total order).

Proof. Similar to the proof of Theorem 6.4.1, forevery t; >7 ¢, and every s’ € (k-1)-subsets(r\{t1,12}),

n my

V (\Fils o {}) 0F(s o {t2))

i=1 j=1

Since F;; is additive, we have

Fij(s" v {ta}) 0Fi;(s U {t2})
& (Fii(8) + fij(t1)) 0(Fii(s") + fi5(t2))
< fij(ta) 0fi;(t2)
< Fi({ta}) 0F3;({t2})

Therefore, the superpreference formula C' is

n  m;

VAFs(n}) 0F;({t2}))
i=1 j=1
which is the exact formula C' over singleton subsets.
By induction on £, it is easy to verify that if the formula C' represents a strict partial
order (weak order, total order, resp.) in the domain of k-subsets(r), then it is a strict partial
order (weak order, total order, resp.) in the domain of 1-subsets(r), i.e., singleton subsets

of r. The conclusion follows. O]

In Proposition 6.4.3, the superpreference > is by itself order-preserving. The integra-
tion of any domain knowledge might change the order property of >*. For example, in
Example 19, the set preference > is a weak order while the superpreference >* is not. It

is due to the fact that we integrate the domain knowledge price > 0in >7.
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General Superpreference

Proposition 6.4.3 states the property of superpreference in a special case. In general, strict
partial order is preserved by the superpreference rewriting, while weak order and total order

are not.

Proposition 6.4.4. For any set preference relation - c), if the profile preference relation
> 15 a strict partial order (i.e. irreflexive and transitive), then the corresponding super-

preference relation > is a strict partial order as well.

Proof. If >T is empty, then it is trivially true. Otherwise, we need to show that > is
irreflexive and transitive. Given the irreflexitivity of >, the irreflexitivity of >* can be

easily shown by contradiction. Here, we only prove the transitivity of >.

We need to show that t; >T t9 Aty > t3 = t; >1 3.

t1 >Tty © tier Atyer A [Vse (k-1)-subsets(r\{t1,t2}),
su{ti} >r.c) s {t2}] (6.3)
to =Tty © toer atzer a[Vse (k-1)-subsets(r\{t2,13}),

s U {ta} >,y s U {t3}] (6.4)

Therefore, consider any subset s € (k-1)-subsets(r\{t1,t3}). We have the following two

cases:

Case 1: t5 ¢ s

By (6.3), (6.4) and the transitivity of >¢, we have s U {t1} ) s U {t3}.

Case2:t5€ s

Let s' = s\{t2}, by (6.3),

s'uftst U {ti} o) s U {ts} u {ta} (6.5)

By (6.4),
s uftitu{te} >y s U {ti}u{ts) (6.6)
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By (6.5), (6.6) and the transitivity of >¢, we have s U {t1} ) s U {t3}.
L]

Proposition 6.4.5. For some weak order profile preference relation >¢ (i.e., irreflexive,
transitive and negatively transitive) over a relation r, the corresponding superpreference

relation > is not a weak order.

Proof. We show a counterexample here. S is a relation with the schema (B, By). The
profile relation I' = (F7, Fs). We are interested in k-subsets, where k = 2.

F7=SELECT count (B;) % 2 FROM $S WHERE B;=TRUE

Fg =SELECT sum(B;) FROM $S
and the set preference is

s1 3 (r,c) S2 iff Fr(s1) > Fr(s2) v (Fr(s1) = Frs2) A Fs(s1) > Fs(s1))
In other words, the set preference is a prioritized composition of the two (weak order)
set preferences preferring larger values of F7 and Fg, respectively. Chomicki [16] shows
that prioritized composition preserves weak order. Therefore, it is easy to see that the set
preference C'is a weak order. For the superpreference computation, Theorem 6.4.1 is not
applicable because 7 is not additive. On the other hand, the feature 5 is additive.

In this particular example, we are able to compute the superpreference > from Defi-
nition 6.4.3. In the following equation, ¢;(-) is the indicator function corresponding to the

feature F. That is, for every tuple ¢, c;(t) = 1 if t.B; =TRUE, otherwise c7(t) = 0.

ty >ty e tier antyer a|Vs € (k-1)-subsets(r\{t1,t2}),
s'U{ti} >ro s’ {ta}]
< tier Atyer A VS € (k-1)-subsets(r\{t1,t2}),
Fr(s") xor e7(t) > Fr(s") xor cr(ts)
v (F7(s") xor ¢7(t1) = Fr(s") xor ¢;(t2)

A Fs(s) + fa(tr) > Fa(s') + fs(t2))]

where fs is the function corresponding to the additive feature Fg in Definition 6.4.4.
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e Case I: C7(t1) = C7(t2)

For every s', F7(s") xor c7(t1) > Fr7(s") xor ¢7(t2) is always evaluated to FALSE.

Therefore,

t1 >Tty o tier antyer a[Vs € (k-1)-subsets(r\{t,t2}),
F7(8,) XOor C7(t1) = F7(8,) XOor C7(t2)

A Fs(s') + fult) > Fs(s') + fu(t2)]

< tier antyer A|Vs € (k-1)-subsets(r\{ti,t2}),

cr(ty) = cr(tz) A fs(ty) > fs(t2)]
By expanding the definition of function ¢; and function fs, we have

1 > to © t1.B] =t9.B1 At1.By > t3.By (67)

o Case 2: c;(t1) # cr(ta)

For every s', F7(s') xor c7(t;) = Fr(s") xor ¢z(ty) is always evaluated to FALSE.

Therefore,

ty >ty © tier antyer a|Vs € (k-1)-subsets(r\{t1,t2}),

F7(s') xor e7(t1) > Fr(s") xor c7(t2)]

As long as the relation r is not extremely limited, i.e., there are at least two (k-1)-
subsets with different F7 values, then for some s', F7(s’) xor ¢7(t1) > F7(s") xor ¢7(t2)
is evaluated to FALSE. Hence, there is no superpreference relationship between such

tl and tQ.

It is easy to verify that the superpreference > defined by Equation 6.7 is not a weak

order. O]

Proposition 6.4.6. For some total order profile preference relation > (i.e., irreflexive,

transitive and connected) over a relation r, the corresponding superpreference relation >
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is not a total order.

Proof. Given a total order set preference, its superpreference can be empty. For example,
in the counterexample used in the proof of Proposition 6.4.5, assume the set preference C'
is instead

s1 Y-r,c) s2 iff Fr(s1) > Fr(s2) v (Fr(s1) = Fr(s2) = 0 A Fs(s1) > Fs(s2)) v
(F7(s1) = Fr(s2) = 1 A Fs(s1) < Fs(s2))
It is easy to verify that the set preference is a total order. The superpreference > is
empty. This is because for any two tuples ¢y, ¢ € r and any (k-1)-subset s € r\{¢1, t2}, the
comparison between su {t1} and suU {t5} depends on t;.B1, t. By and the number of tuples
with TRUE B; value in s. For any relation with sufficiently many tuples and a non-extreme
By value distribution, i.e., |r| = max(4, k + 2) and at least two tuples of TRUE B, values
and at least two tuples of FALSE B, values, there are choices of s having an even number
of tuples with TRUE B; value, as well as choices of s having an odd number of tuples with
TRUE B values. Consequently, there is not an unanimous order between s U {¢;} and

s U {to} for every (k-1)-subset s € r\{t1, t2}. O

6.4.4 M-relation

Superpreference is a pruning technique in order to filter out tuples which do not contribute
to the best k-subsets. It reduces the size of the original relation, which leads to fewer candi-
date k-subsets. In other words, it prunes the inferior k-subsets during generation. Besides
the inferior k-subsets, we often observe redundant candidate k-subsets during generation,

as in Example 20.

Example 20. Assume we add two more tuples to the Book relation in Example 3
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title | genre rating | price | vendor

a1 | sci-fi 5.0 | $15.00 | Amazon
as | biography | 4.8 | $20.00 | B&N
as | sci-fi 4.5 | $25.00 | Amazon
a4 | romance 4.4 | $10.00 | B&N
Book: a5 | sci-fi 4.3 | $15.00 | Amazon

ag | romance 4.2 $12.00 | B&N
a7 | biography | 4.0 | $18.00 | Amazon

ag | sci-fi 3.5 | $18.00 | Amazon
ag | romance 4.0 $20.00 | Amazon
aio | history 4.0 | $19.00 | Amazon

and we have the same set preference 3~ ¢y as that in Example 19. That is, I" = (Fs, Fo)

F5 = SELECT sum(price) FROM $S WHERE genre=’sci-fi’

F¢ = SELECT sum(rating) FROM $S

The tuple a7 and ag are exchangeable with regard to the set preference, because for
every 2-subset s of Book\{ar, ao}, extending s with a; or ag leads to the same profile in
the profile relation, i.e., profiler(s u {a;}) = profiler(s u {ag}). By the same argument,

az, ag and ayy are mutually exchangeable.

Example 20 illustrates possible redundancy in the k-subset generation. For example, if
we have already generated the 3-subset {a;, as, a7}, we do not need to generate {a;, az, ag}
or {ay, as, ap} as neither leads to a new profile. It is therefore more efficient to consolidate
a7, ag, ajp into a meta-tuple, i.e., an M-tuple, my 9 19, and consider only the M-tuple in the
generation of candidate k-subsets.

Based on the above idea, we define an exchangeability relation among tuples in Defini-

tion 6.4.5.

Definition 6.4.5 (Exchangeability Relation). Given a relation r, a positive integer k < |r|

and a set preference relation - ), an equivalence relation ~r ¢y is an exchangeability
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relation over r if

ti~moyta = tier Atyer A Vs € (k-1)-subsets(r\{t1,t2}), (6.8)

profiler,, | (s u{t}) = profiler,, | (s" U {ta})]

Tuple t, and ty are exchangeable iff t; ~(r c) to.

Notice the superficial similarity between Definition 6.4.5 and Definition 6.4.3. It is easy
to show that the exchangeability relation in Definition 6.4.5 is different from the indiffer-
ence relation induced by the superpreference relation in Definition 6.4.3.

Also notice that, given a set preference, there can be more than one exchangeability re-
lation according to Definition 6.4.5. For example, the equality relation where each equiv-
alence class contains exactly one tuple is a trivial exchangeability relation. In fact, any
equivalence relation contained in an exchangeability relation is another exchangeability
relation.

An exchangeability relation ~ ¢y over r is optimal if and only if it contains every
other exchangeability relation. That is, its corresponding partition of r is not a refinement

of the partition of any other exchangeability relation. Formally,
Definition 6.4.6 (Optimal Exchangeability Relation). An exchangeability relation ~r ¢

over the relation r is optimal if and only if

ti~royts < tier ntyer A Vs € (k-1)-subsets(r\{t1,t2}), (6.9)

profiler,,  (s" v {ti}) = profiler,, ,(s" U {t2})]

The optimal exchangeability relation is an equivalence relation.

Equation 6.9 defines the maximal exchangeability relation in terms of partition contain-
ment as the optimal one. It differs from Equation 6.8 in that it requires a sufficient condition

as well.

Example 21. For the relation in Example 20, assume the same set preference % c) in

Example 19, i.e., prefer spending less money on sci-fi books and higher book ratings. By
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Definition 6.4.5, one exchangeability relation and its partition are

~0 = {(a,a)li=1,...,10}
Py = {ai}li=1,...,10}

Another exchangeability relation and its partition are

~1 = {(a,a))li=1,...,10} U
{(a7, G9), (Gg, a7), (a7, alo), (a10, G?), (&9, alo), (Glo, G9)}

P1 = {{CLZHZ = 1, .. .,6,8} U {{(Z7,CL9,CL10}}

The exchangeability relation ~ is the equality relation. Since F, is a refinement of P,
i.e.,, Py © Py, the exchangeability relation ~ is not optimal. It is easy to verify that ~,
is optimal since the merge of any equivalence classes in partition P, does not lead to an

exchangeability relation over the Book relation.

We introduce a profile consolidation optimization using M-relations. Given an ex-
changeability relation ~r ¢, an M-relation contains M-fuples, and is such that there is
a one-one mapping between its M-tuples and parts in the partition of ~p ¢.

There are various ways to define an M-relation corresponding to an exchangeability
relation. In Definition 6.4.7, we give one way of defining an M-relation using SQL. As
we will in Theorem 6.4.2, such M-relations corresponding to the optimal exchangeability
relation under certain conditions.

Before we introduce how to define an M-relation using SQL, we first classify the at-
tributes in a profile schema into three categories, based on their additivity and their involve-

ment in the set preference. Without loss of generality, the profile schema in a set preference

>(r,0) 18
relevant
I =A{F1,. . Foes Frnattr s Fgs Frgyy - s Fm}s
—
additive
where
(1) The features Fi, ..., F,, are the relevant features involved in the profile preference
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formula C, denote by I',,,,;. The features F, .., JF.,, are not involved in C.

mp419 °

(2) The features F, ..., F,,, are additive (c.f., Definition 6.4.4).

In Definition 6.4.7, the M-relation is defined using a query on the distinct values of
attributes corresponding to the relevant features f1, ..., F,,,. Moreover, for the additive
relevant features fi, ..., F,,,, tuples are grouped by their contribution to the calculation
of additive features over sets: in Definition 6.4.7, g; is either f;, the base of the additive
feature F;, or f; with a default value, where i = 1,...,m,. This procedure is expressed
using a subquery and a group-by clause in Definition 6.4.7.

The M-relation also keeps track of the number of tuples consolidated into an M-tuple,

which is the special attribute A.,; in Definition 6.4.7.

Definition 6.4.7 (M-relation using SQL). Given a relation r with schema R, a non-negative
integer k and a set preference $-(r ), define the M-relation schema O = (Ay, ..., Ay,
Apoits - Ame, Aent), and the M-relation o by the following SQL query:
SELECT ¢1(R) AS Ay, ..., gm,(R) AS A, attrs(Fun,i1,---sFmy)s

count (x) AS A,
FROM R
GROUP BY Ay, ..., An,, attrs(Fuoit1s-- s Fmy)

where
1. Ris a tuple range variable;
2. gi(R), 1 = 1,...,my is either f;, or f; with a default value defined by the following
CASE statement:

CASE
WHEN condition THEN f;(R)

ELSE default_value

END
3. attrs(Fuptty -y Fmy) = {Amas1s -+ Am.}, Le., the set of attributes mentioned
in the definitions of the features F, 1, ..., Fm,;
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4. A, is a special attribute in the M-relation schema tracking the number of tuples

consolidated into a single M-tuple in the M-relation.

Example 22. Continuing Example 20, the M-relation schema is determined by the set
preference. For the set preference in Example 20, whose definition can be found in Example
19, its M-relation schema is (As, Ag, Acnt). Just for illustration purpose, we assume the
non-additive feature F3 is also a relevant feature in the set preference. Thus, the M-relation
schema becomes ( Ay, Ag, Az, Acnt), and the M-relation is generated via the following SQL
query:
SELECT
CASE
WHEN r.genre=’sci-fi’ THEN r.price
ELSE O
END AS As, r.rating AS Ag, r.vendor AS As, count (x) AS A
FROM r
GROUP BY Aj, Ag, As
In the following M-relation o', the subscripts of each M-tuple are the indices of tuples

consolidated into it.

As Ag | A3 Acnt
mi $15.00 | 5.0 | Amazon | 1
mo $0.00 4.8 | B&N 1
m3 $25.00 | 4.5 | Amazon | 1
my $0.00 | 4.4 | B&N 1
ms $15.00 | 4.3 | Amazon | 1
meg $2.00 4.2 | B&N 1
mr910 | $0.00 | 4.0 | Amazon | 3
ms $18.00 | 3.5 | Amazon | 1

The actual M-relation o for Example 20 happens to be the above o relation with the

attributes (As, Ag, Acnty only.

In Example 22, we use a CASE statement for a feature definition in the M-relation. In

the CASE statement, the ELSE statement gives a default value for the new feature if the
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WHEN condition is not satisfied. The default value is 0 for A5 in Example 22. In general, it
can be any constant.

The purpose of M-relations is to identify exchangeable tuples as illustrated by Exam-
ple 20. In Definition 6.4.5, we formally define the exchangeability of tuples under a set

preference.

Theorem 6.4.2. For a constant-free DNF profile preference formula C' (c.f., Equation 6.2)
and a relation r, if all features in C' are additive, then the exchangeability relation corre-

sponding to the M-relation in Definition 6.4.7 is optimal over r.

Proof. The optimal exchangeability relation is

ti ~royta & tier atyer AlVs € (k-1)-subsets(r\{t1,t2}),

profiler,, ,(s" v {t1}) = profiler,, ,(s" v {t2})]

< tier Aty er A[VS € (k-1)-subsets(r\{t1,t2}), Vi, i = 1,..., my,

Fi(s' witi}) = Fils" v {t})]

Since all the features in formula C' are additive, m; = m,, and for each additive feature

Fisi=1,...,mg,

Fi(s'u{ti}) = Fi(s" U {ta})
s Fi(s) + filty) = Fi(s") + fi(ta)
< filt) = fi(t2)

Therefore,

t1 ~(I,C) toy & t1ETAlLET A [VS/ € (k-])-SUbSCtS(T\{thtg}),Vi,i = 1, e, My,

filt) = fi(t2)]
& trerantperalVi=1,...,mg, fi(t1) = fi(ta)]
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This is exactly the partition we get from the SQL query in Definition 6.4.7. It is crucial
that all the features in formula C' are additive. Otherwise, we do not have a base of a

non-additive feature. [

Example 23. In Example 22, the partition generated by the M-relation is {{a,}, ..., {as},
{az, a9, a1}, {as}}, which is the exact partition corresponding to the optimal exchangeabil-

ity relation defined by Equation 6.9.

6.4.5 Computing Profiles via M-relations

Our goal is to compute the profiles from an M-relation directly. If we compute profiles only
from the k-subsets of the M-relation, we might miss some of the profiles in the original
relation. Say k£ = 2, and an M-tuple m, corresponds to tuples ¢; and ¢, in the original
relation . We therefore have a profile computed from the 2-subset {t1,%2} in the profile
relation . However, we cannot compute this profile from a k-subset of the M-relation,
since a k-subset of the M-relation contains at most one M-tuple m; and {m;,m;} is not
a 2-subset of the M-relation. Hence, in order to compute the exact profiles of the original
relation, we need to compute profiles from the k-multisubsets (Definition 6.4.8) of an M-

relation.

Definition 6.4.8 (k-multisubset). Given an M-relation o and a positive integer k, k <
Dim,eo Mi-Aent, @ k-multisubset s of o is a multiset s of o and |s| = k, where the number of
occurrences of each M-tuple does not exceed its A.,; value. Denote by k-multisubsets(o)

the set of all k-multisubsets of o.

Theorem 6.4.3 states we can compute the projection of the profile relation 7 to the
relevant features by evaluating those features of k-multisubsets.

It is crucial to the k-multisubset generation that the M-relation records the number of
tuples consolidated into each M-tuple. For example, in Example 20, assume a; is the
only tuple consolidated to the M-tuple m;, then the 3-multisubset {1, m7910,M7.910}
represents 3 3-subsets of the original relation: a; and any two tuples from {az, ag, ajo}.

The subtlety is that in the k-subset generation of the original tuples, each tuple can appear
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at most once in a candidate k-subset, while in the £-multisubset generation, each M-tuple
can appear multiple times in a candidate A-multisubset. The number of occurrences of
an M-tuple in a candidate k-multisubset is bounded from above by the number of tuples
consolidated into it.

The profile computed from a k-multisubset of an M-relation is the projection to relevant
features of the profile of the corresponding k-subset(s) of the original relation. Notice that
we already have all the information needed in order to compute this profile projection in
the M-relation. For an additive relevant feature, we keep each M-tuple’s contribution to
the calculation of this feature. For a non-additive relevant feature, we keep the values of
every attribute involved in the calculation of this feature. Therefore, in order to compute
this profile projection, we simply add up each M-tuple’s contribution for additive relevant
features, and compute the value of non-additive relevant features as we would do for a

k-subset.

Theorem 6.4.3. Assume o is an M-relation corresponding to a relation r. For each s €
k-subsets(r), there is a s' € k-multisubsets (o), such that profiler, ,(s) = profiler, (s),

and vice versa.

Proof. (=) The SQL query defining the M-relation o creates a surjection g : r — o. For
each s € k-subsets(r), without loss of generality, assume s = {t1,...,tx}. Let g(s) =
{g(t1),...,9(tx)} = ¢, and s’ € k-multisubsets(0).

By Definition 6.4.4, for each additive feature F;, i = 1,...,mq,, F;(s) = F;(s\{tx}) +
fi(te), Fi(s) = Zle fi(tj). On the other hand, following the definition of the M-relation
(Definition 6.4.7), for the k-multisubset s’, we have F;(s') = 3%, g(t;).A; = Z§=1 fi(t)).
Therefore, F;(s'") = F;(s).

For each non-additive relevant feature F;, i = m,+1, ..., my, F;(s') = F:({g9(t1), ..., g(tx)}).
By Definition 6.4.7, each tuple in s and its image in s’ have the same value on attributes
in F;. Thatis, t;.A; = g(t;).A, where j = 1,..., kandl = m, + 1,...,m.. Therefore,
Fils') = Fil{ty, -, t}) = Fils).

(<) It is sufficient to show that for each s € k-multisubsets(o), thereis a s’ € k-subsets(r)

such that g(s') = s. Rewrite s as {m; : ¢1,...,mp : e}, K < k, where m; : ¢,
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Jj =1,... K, denotes that m; € o repeats c; times in s. Construct s’ as the union of any c;

tuples from {t € r|g(t) = m;} for j = 1,... k. Itis easy to verify that g(s') = s. O

Theorem 6.4.3 guarantees that the projection of the original profile relation computed
from the M-relation is sound and complete. Algorithm 13 uses M-relations to compute
the best k-subsets. Algorithm 13 is similar to Algorithm 9 except that it works on the

M-relation and uses a k-multisubset generator.

Algorithm 13 M-relation Algorithm
Require: a profile schema I', a profile preference relation >, a relation 7 and a positive
integer k, k < |r|
Ensure: the best k-subsets of 7 under the set preference 3~ c)
1: Compute the M-relation o by Definition 6.4.7.
2: Generate all k-multisubsets of o0 and for each compute the profile features in I relevant
to C, i.e.,I',,], obtaining ', the projection of profile relation «y onto I'[,,,;.
3: Compute v = we(7') using any winnow evaluation algorithm.
4: Retrieve the subsets whose profile projections correspond to the elements of ~”.

We present in Algorithm 14 the core algorithm used in a k-multisubset generator. An
index vector representation of a A-multisubset is the vector of its tuple indices in the non-
decreasing order. The lexicographical order of k-multisubsets is defined as the lexico-
graphical order of their index vector representations. Algorithm 14 is a generalization of

Algorithm 10.

Example 24. Continuing Example 22, the following table gives a few examples of can-
didate k-subsets in Book and their corresponding k-multisubsets in the M-relation o, to-

gether with the corresponding profiles in the profile relation .

k-subsets of Book k-multisubsets of o | profile

{a17a27a7}a {a17a2a&9}7 {alaaQaQIO} {mlam27m7,9,10} ($15007 138)

{a1, a7, a9}, {a1, ar, aro}, {a1, ag, ar0} | {m1, mr 910, mr910} | ($15.00,13.0)

In fact, a k-subset generator of Book will enumerate all (130) = 120 candidate k-subsets
(k = 3), while a k-multisubset generator of the M-relation will only enumerate (7) + (7) +

3) T2
(I) + (S) = 64 k-multisubsets.
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Algorithm 14 k-multisubset Lexicographical Successor
Require: an M-relation o, a positive integer k, k < ),

o m,;.Aq¢ and the index vector

representation T of a k-multisubset
Ensure: the index vector representation fnm of the lexicographical successor of T
1: {compute the last k-multisubset in the lex order}
2: id = |O|
3: for j = kto1ldo

4: {myq is the M-tuple with index id from M-relation o}
5: 1=1

6: while j > 0and ! < m;;.A.py do

7: ﬁast'.j =1d

8: j=j—1

9: l=1+1

10:  end while

11: d=1id—-1

12: end for

13: {compute the next k-multisubset in the lex order}
14: fnemt = f

15: 1=k

16: whilei > 1and T.i == T},y.i do
17 1=1—1

18: end while

19: if i==0 then

20:  return ‘“no more k-subsets”
21: else

2 id=T.i+1

23:  forj =1itokdo

24: =1

25: while j < kand | < m;q.A. do
26: Thewt-j = id

27: g=7+1

28: l=1+1

20: end while

30: id=1d+1

31:  end for

32:  return fnm

33: end if
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By Definition 6.4.7, for k-multisubsets of the M-relation o, the definition of feature Fj
Is

SELECT sum(As) FROM S$S
and the definition of feature Fg is

SELECT sum(Ag) FROM $S

We can compute a profile from a k-multisubset by computing its features. For example,
s = {my1,ma, M7 910}, then F5(s) = mi.As + ma. A5 + mrg10.A5 = $15.00 + $0.00 +
$0.00 = $15.00, and Fs(s) = my.Ag + ma.Ag + mr910.46 = 5.0+ 4.8 + 4.0 = 13.8.
Therefore, the profile of the multiset s is ($15.00, 13.8).

The profile relation I contains 64 distinct profiles. In this particular example, the k-
multisubset generator eliminates all redundancy in the set generation: each candidate k-
multisubset returned by the generator leads to a distinct new profile. Though it is not
always the case in general, a k-multisubset generator still saves significant number of sets

generated in most cases.

Example 24 illustrates the savings achieved by the M-relation. In general, the benefit

of M-relations comes in three folds:

(1) Selectivity of attribute values.

The M-relation is defined by a GROUP BY SQL query in Definition 6.4.7, which

suggests that low selectivity of attribute values will lead to fewer M-tuples.

(2) Selectivity of WHERE conditions in feature definitions;

Since every feature definition is also a “mini-SQL” query, it is likely that tuple not
satisfying the WHERE condition of the feature definition will contribute a default
value in the feature evaluation. Recall that the M-relation definition query in Example
22 has default value O for attribute As. Such default values fully exploit the selectivity
of the WHERE condition. A highly selective WHERE condition will lead to more tuples

with the default value, and therefore result in a smaller M-relation.

(3) Non-relevant attributes.
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The projection to attributes relevant to the set preference reduces the redundancy in

k-subset generation.

6.4.6 Hybrid

Superpreference and M-relation target two different aspects of pruning: superpreference
filters out tuples which cannot be part of any best k-subsets, while M-relation consoli-
dates exchangeable tuples and process k-subsets in groups. It is natural to combine them
to achieve further pruning. We propose here two possible combinations of those two op-
timizations: SM and MS. Without loss of generality, assume we are given a relation 7, a

positive integer k& < |r| and a set preference > ).

o (SM) Superpreference followed by M-relation. (Algorithm 15)

Algorithm 15 Hybrid SM Algorithm
Require: a profile schema I', a profile preference relation >, a relation  and a positive
integer k, k < |r|, > locally defined using C'*
Ensure: the best k-subsets of 7 under the set preference 3~ ¢)
1: Do pairwise comparison between tuples in 7, and determine cover(t) for each ¢ € r.
2: Letr’ = {t € r||cover(t)| < k}.
3: Return the result of the M-relation Algorithm (Algorithm 13) with the input relation 7’
and the profile preference relation > restricted to 7’ instead.

o (MS) M-relation followed by superpreference. (Algorithm 16)

In this algorithm, we apply the superpreference technique to the M-relation. The
difference between computing profiles from the original relation r and from
its M-relation o is that we use k-multisubsets instead of k-subsets in the latter
case. The profiles computed from the M-relation are the projection of the origi-
nal profiles to the relevant features. The profile computation of a k-multisubset
is straightforward. For an additive feature, simply sum up the values of the cor-
responding attribute of every M-tuples in the k-multisubset. For a non-additive
feature, the M-relation schema has every attribute involved in this feature and

we compute its value for the k-multisubset as before.
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In order to apply the superpreference optimization to an M-relation, we need to

generalize the notions of superpreference and cover to M-relations.

Recall that, in Definition 6.4.3, a tuple ¢, is superpreferred to a tuple ¢, if and
only if it is more beneficial to extend every (k-1)-subset with ¢, instead of ¢, to
get a k-subset. The superpreference relation > in an M-relation o is similar:
an M-tuple m; is superpreferred to an M-tuple ms if and only if it is more
beneficial to extend every (k-1)-multisubset with m; instead of m to get a k-

multisubset.
Similarly, the cover of an M-tuple m is the multiset of M-tuples m’ dominating
m under >} with each such m’ occurring m'.A.,, times, i.e., cover(m) =

{m’ € o,m’ repeats m'. A.,; times|m’ >* m}.

Algorithm 16 Hybrid MS Algorithm

Require: a profile schema I', a profile preference relation >, a relation r and a positive

integer k, k < |r|, >7 locally defined using C'*

Ensure: the best k-subsets of 7 under the set preference 3~ ¢

1:
2:
3:

Compute the M-relation o of the relation 7.

Compute the superpreference relation > in the M-relation o.

Compute o/ = {m € ollcover(m)| < k}, where cover(m) = {m
o repeats m’. A, times|m’ >1 m}.

e

4: Retrieve relation " < r contributing to the M-relation o'.

Return the result of the M-relation Algorithm (Algorithm 13) with the input relation 7’
and the profile preference relation > restricted to 7’ instead.

6.5 Experiments

We reported here an experimental study of the performance of various query evaluation

algorithms proposed. We implemented all the algorithms in C++ and ran experiments on a

machine with Intel Core2 1.66GHz CPU running Cygwin on Windows XP with 2GB mem-

ory. We used a real dataset containing the information of 8000 book quotes from Amazon.

The data schema is (title, genre, rating, price, vendor). We implemented five algorithms:

NAIVE, SUPER, MREL, SM, MS. NAIVE is the basic algorithm in Algorithm 9. SUPER

and MREL are the implementation of Algorithm 11 and Algorithm 13, respectively. SM
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and MS are the hybrid algorithms in Section 6.4.6. Superpreference and M-relation are
both used but applied in different order in SM and MS.

For the performance measure, we focus on the number of candidate k-subsets (or k-
multisubsets) generated, as it is the dominant factor in each algorithm. There are usually

three major types of operations in each algorithm:
e Preprocessing: the superpreference filtering and/or the M-relation generation;
e Generation: candidate k-subset (or k-multisubset) generation;
o Winnow.

In Preprocessing, the superpreference filtering is implemented by computing cover for
each tuple, which takes quadratic time. The M-relation generation involves a GROUP BY
clause, and is therefore linear if implemented by hashing or O(nlogn) if implemented
by sorting. As a result, Preprocessing and Winnow together have worst-case quadratic
complexity. On the other hand, Generation takes (}) time. When k << n, this is O(n*).
When k = |n/2], (}) is approximately \2/7;—% Consequently, the complexity of Generation
dominates the complexity of all algorithms when k& > 2.

In our experiments, denote by g the number of sets generated in Generation. Recall the
definitions of feature F5 and ¢ in Example 19.

F5 = SELECT sum(price) FROM $S WHERE genre=’sci-fi’

F¢ = SELECT sum(rating) FROM $S
Furthermore, we define the following features:

F9 = SELECT sum(rating) FROM $S WHERE genre='sci-fi’

Fio = SELECT sum(price) FROM $S

Fi11 = SELECT count (title) FROM $S WHERE genre='sci-fi’

and price < 20.00

Fi1a = SELECT sum(rating) FROM $S WHERE rating >= 4.0

The set preferences we tested are listed in Table 6.1. They are all conjunctions since
disjunctions easily lead to cyclic preferences which are not strict partial orders. The corre-

sponding superpreferences and M-relation generation SQL queries are listed in Table 6.2
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and Table 6.3, respectively. Notice that the only difference between SP1 and SP2 is that we
apply the WHERE condition to the attribute price in F5 of SP1 while the same WHERE
condition is applied to the attribute rat ing in Fy of SP2. We intend to see the influence
of selectivity of attributes. In SP1, since price has a WHERE condition while rating
does not, the selectivity of rat ing is dominating. In contrast, in SP2, for a similar reason,

the selectivity of price is dominating.

Set Pref. Name | Profile Schema I' | Profile Pref. Formula C

SP1 <f57.F6> F5(81) <.F5(82) /\fﬁ(sl) >f6(82)
SP2 <F97.F10> ]-9(31) > ]:9(82) A -FIO(SI) < .FlO(SQ)
SP3 <F11,F12> ]:11(81) > Fﬂ(Sg) A f12(81) > FlQ(SQ)

Table 6.1: Set Preferences

Set Pref. Name | Superpreference

SP1 t1.rating > ty.rating A ty.genre = ’sci-fi’

A(ty.price < ty.price v ty.genre # ’sci-fi’)

t1.price < ty.price A ti.genre = ’sci-fi’

A(ty.rating > ty.rating v ty.genre # sci-fi’)

t1.genre = ’sci-fi’ A ti.price < 20.00

SP3 A(ty.genre # sci-fi’ v ta.price = 20.00) A ty.rating = 4.0
A(ty.rating < 4.0 v ty.rating > ty.rating)

SpP2

Table 6.2: Superpreferences

Notice that SP1 is used extensively in our running examples. Its superpreference and M-
relation generating SQL already appears in Example 19 and Example 22 before. We list

them here for easy reference.

Summary of experiments
We drew the following conclusions from the forthcoming experimental results:

e SUPER, MREL, SM and MS are all effective in reducing the number of sets gener-

ated in Generation,

e The relative efficiency of the four optimization algorithms depends on the set prefer-
ence in question, in particular, the selectivity of the attributes and the WHERE condi-

tions in the feature definitions. In general, low attribute selectivity and high WHERE
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Set Pref. Name

M-relation Generating SQL

SP1

SELECT %, count (x) AS A.u
FROM (SELECT
CASE
WHEN r.genre=’sci-fi’ THEN r.price
ELSE O
END AS As, r.rating AS Ag
FROM r)
GROUP BY As, Ag

SP2

SELECT %, count (x) AS A.u
FROM (SELECT
CASE
WHEN r.genre=’sci-fi’ THEN r.rating
ELSE O
END AS Ay, r.price AS A
FROM r)
GROUP BY Ag, A

SP3

SELECT *, count (*) AS A.u
FROM (SELECT
CASE
WHEN r.genre=’sci-fi’
and r.price<20.00 THEN 1
ELSE O
END AS A,
CASE
WHEN r.rating=4.0 THEN r.rating
ELSE 0
END AS Ajq,
FROM r)
GROUP BY Aji, Aps

Table 6.3: M-relation Generation SQLs
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condition selectivity enhance the performance. The best algorithm for each set pref-

erence generates only 0.01% of the candidate k-subsets generated by NAIVE.

e The best of SUPER, MREL, SM and MS for each set preference also improve the

scalability with input size n and k by several orders of magnitude.

e The hybrid algorithms SM and MS outperform the standalone optimizations SUPER
and MREL.

6.5.1 Performance

In our first experiment, we wanted to study how much computation we could save by
applying superpreference and/or M-relation optimization. We fixed k to be 3. We tested
the dataset up to 1000 tuples as some algorithms do not scale up well with n.

Figures 6-1(a), 6-1(c) and 6-1(e) illustrate the increase of the number g of sets Gen-
eration with the increase of input size n for SP1, SP2 and SP3, respectively. For the six
datasets of different sizes used, Figures 6-1(b), 6-1(d) and 6-1(f) show the average ratio of
the number of sets generated in each algorithm to that in NAIVE. Notice that the y-scale is
logarithmic in Figure 6-1.

As we can see from Figure 6-1, for standalone optimization techniques, i.e., SUPER
and MREL, the relative efficiency depends on the set preference. MREL is more efficient
in SP1 and SP3 (Figure 6-1(b), 6-1(f)), while SUPER is more efficient in SP2 (Figure 6-
1(d)). If we compare SP1 and SP2 in juxtaposition, it is clear the different reaction to
optimizations is caused by the different selectivity of the attribute rating and price: in
our largest dataset, there are 9 distinct rat ing values and 406 distinct price values. For
SUPER, the difference between the superpreferences of SP1 and SP2 are underlined.

o+ in SP (t1.rating > ty.rating A ty.genre = ’sci-fi’ A ty.price < to.price)

v (ty.rating > ty.rating A ty.genre = ’sci-fi’ A ty.genre # 'sci-fi’)

ot 0 SPY (t1.price < ty.price A ty.genre = sci-fi’ A ty.rating > ty.rating)

v (ty.price < ty.price A ty.genre = ’sci-fi’ A to.genre # 'sci-fi’)
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SUPER is more effective in SP2 as the selectivity of price is higher than that of rating
and more tuples are superpreferred in SP2. For MREL, recall that the selectivity of rat ingdominates
in SP1, while the selectivity of price dominates in SP2. The selectivity of rating is
much lower than that of price. Therefore, in SP1, we are able to consolidate more tuples
into one M-tuple on average. Therefore, MREL is more effective in SP1.

For SP3, since the WHERE conditions in both features of SP3 are more restricted than
that in SP1, e.g., the condition in /7, requires price<20. 00 in addition to the condition
genre='sci-fi’ used in 5, MREL is able to benefit more from the low selectivity
and therefore achieves higher efficiency.

The hybrid algorithms SM and MS benefit from both superpreferences and M-relations,
and in general have better performance than SUPER and MREL. An interesting phe-
nomenon is that SM outperforms MS when MREL outperforms SUPER (cf., Figure 6-1(b),
6-1(f)), and MS outperforms SM when SUPER outperforms MREL (cf., Figure 6-1(d)).
For all three set preferences (SP1, SP2 and SP3), the most efficient algorithm generates
only about 0.01% of the candidate k-subsets generated by NAIVE.

Not only do the optimizations help reducing the number of sets generated in Genera-
tion, they also improve the scalability with the input size n. For example, for SP1 (Figure
6-1(a)), NAIVE displays a cubic trend with the increase of n as predicted by the theoretic
analysis, i.e. (Z) ~ O(n*). SUPER displays a similar trend, while MREL grows slower
than that of SUPER, and MS and SM grow slower than that of MREL. In all three cases, i.e.,
SP1, SP2 and SP3, (Figure 6-1(a), Figure 6-1(c) and 6-1(e)), the best algorithm displays a
much slower trend compared to that of NAIVE.

Figure 6-2 illustrates the increase of the number g of sets in Generation with the in-
crease of £ when n = 100. By our theoretical analysis, increasing k by 1 raises the com-
plexity of NAIVE from O(n*) to O(n*1). It is not surprising that g values are off the chart
when k£ > 4 for NAIVE. The performances of the other four algorithms again depend on
the specific set preference. The best algorithm for each set preference scales somewhere in
between linear and quadratic with the increase of k. Compared to the increase in n (Figure
6-1), the increase in k has a bigger influence on the performance for each algorithm (Figure

6-2).
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It is worth noticing that regardless of which set preference is used, the performance of
different algorithms is stable with the increase of n or k, as the curves of each algorithms
do not cross each other in Figure 6-1 or Figure 6-2. We have also seen in Figure 6-1 and
Figure 6-2 that it 1s crucial to choose the right algorithm given a set preference. A practical
strategy would be to take a small sample of the data, and try out the set preference with a
small k in order to pick the best algorithm. Notice that, even though the best of SM and MS
is better than the best of SUPER and MREL, SUPER and MREL are simpler and involve

less preprocessing, and thus could be desirable in some cases.
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6.5.2 SM v.s. MS

In the second set of experiments, we took a close look at the two best algorithms: SM and
MS. In Figure 6-1, SP2 and SP3 are biased towards the superpreference optimization and
M-relation optimization, respectively. We therefore focused on SP1, which is less biased
towards either optimization, when comparing SM and MS.

In Figure 6-3, we compare the analytics of the hybrid algorithms SM and MS when
k = 5 and n varies from 1000 to 8000 in SP1. Figure 6-3(a) illustrates the number of
sets generated in Generation (g) for different parameter settings. Figure 6-3(b) shows the
number of M-tuples after the superpreference step and the M-relation step in SM and MS.
Those are the M-tuples participating in the k-multisubset generation in both algorithms.
Their number has a positive correlation with the number of £-multisubsets generated (Fig-
ure 6-3(a)). In Figure 6-3(b), we can see that SM leads to 10% ~ 50% fewer M-tuples
compared to those in MS. The saving decreases with the increase of n. For each parameter
setting in Figure 6-3(a), SM generates g sets while MS generates slightly more than g sets.
The difference is relatively small compared to g. As a result, the two lines in Figure 6-3(a)
almost overlap with each other. Figure 6-3(c) displays the number of profiles computed
in SM and MS. The two lines also overlap with each other, since SM generates slightly
fewer profiles than MS does. As a reference, we also illustrate the number of best pro-
files in the profile relation in Figure 6-3(c). This number grows slower than the number of
profiles generated in both algorithms, which suggests room for further improvement. For
completeness, we show the number of best k-subsets in each parameter setting in Figure 6-
3(d), i.e., the result size. Both SM and MS correctly identify all the best k-subsets. There is
no obvious relationship between the input size n and the number of best k-subsets. On the
other hand, the number of best k-subsets is huge in general, i.e., in the order of 108 ~ 10°.
In fact, the result size in Figure 6-3(d) is 2 ~ 5 orders of magnitude larger than the num-
ber of candidate sets generated (Figure 6-3(a)), which illustrates the compactness of the

M-relation representation.
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6.6 Related Work

There are many papers on preferences over tuples using either a qualitative or a quantitative
approach. However, there are only a few works on preferences over sets [29, 21, 6].

[6] is conceptually the closest to our work. It addresses the problem of finding an opti-
mal subset of a set of items according to given set preferences. The language for specifying
such preferences uses the attribute values of individual items within the set. Each set prop-
erty is based on the number of items satisfying a certain predicate. It is either an integer
value (Class 1), i.e., the number of items satisfying the predicate), or a boolean value (Class
2), i.e., whether the number of items satisfying the predicate is > k. Given a collection of
set properties, a set preference is specified as either a TCP-net [9] or a scoring function.
[6] gives heuristic search algorithms for finding an optimal subset. [6] considers subsets of
any cardinality. For fixed-cardinality subsets, the language in [6] can easily be expressed
in our framework with a simple extension of Definition 6.2.1 to boolean features. Each
Class 1 set property in [6] can be translated to an aggregate subset feature with the count
aggregate. Those features are additive.

For simplicity, we do not discuss boolean features in Definition 6.2.1. In fact, the ex-
tension to boolean features can easily be accomplished by introducing a relational operator
in the SQL definition:

SELECT expr # constant FROM $S WHERE condition
where 0 € {=, #,<,>, <, >}. Each Class 2 set property in [6] can be translated to such
a boolean feature. Such boolean features are additive when 0 € {<,>, <, >}. Otherwise,
they are non-additive.

The preference model in [6], i.e., either a scoring function or a TCP-net set preference,
can be captures by our set preference relation as well. General aggregate features are not
supported in [6].

[21] focuses on fixed-cardinality set preferences. It considers two subset features: di-
versity and depth, and the set preference as an objective function of maximizing the linear
combination of diversity and depth. Again, those cases can be expressed in our framework.

The subset features depth and diversity are weighted sums of the depth of attributes and
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diversity of attributes, respectively. The depth of an attribute is a utility function of the
most desirable attribute values of the set elements, which can be captured by a feature def-
inition with a WHERE clause specifying the desirable condition and a count aggregate?
in the SELECT clause. The diversity of an attribute is defined as 1 minus the skew of that
attribute’s values in the set. The computation of skew requires the values of mean, mode
and standard deviation of that attribute. Mean and mode can be captured by aggregates
avg and max, respectively. It is well-known that the standard deviation equals the square
root of the second moment minus the square of the mean. We can capture the second mo-
ment of attribute A by specifying sum (Ax2A) in the SELECT clause. In short, in order to
express the diversity of an attribute, we can define one feature for the attribute’s mean, one
feature for its mode, and one feature for its second moment. Features derived from depth,
features corresponding to the mean and the second moment of an attribute are additive,
while features corresponding to the mode of an attribute are not.

The preference model in [21] is maximizing an objective function composed of a linear
combination of depth and diversity. This can be easily captured by our set preference
relation.

We have just showed that we can express the set preferences in both [6] and [21] under
our current framework with the aforementioned techniques. In order to efficiently evaluate
the set preferences derived from [6, 21], the M-relation optimization is always applicable.
For the superpreference optimization, if the set preference formula describing the resulting
set preference relation can be written a constant-free DNF, then we can apply the super-
preference optimization in a systematic manner based to Theorem 6.4.1. Moreover, the
features and the preference model in [21] are of special forms that a specialized optimiza-
tion schema can be designed to achieve better optimization results.

[29] considers a new class of queries called OPAC (optimization and parametric aggre-
gation constraints) queries. Such queries aim at identifying sets of tuples that constitute
the solutions of optimization problems. [29] considers subsets of any cardinality. The

atomic parametric aggregation constraint is of the form aggr(A) < parameter and the

%In cases where values outside the desirable range are penalized to varying degrees, we need to either
define one feature for each degree of penalization
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objective function is min / max(aggr(atomic constraints)). Approximation algorithms
are given for query evaluation. For fixed-cardinality subsets, again, the atomic aggrega-
tion constraints can be captured by k-subset features and the parameters and the objective

function can be captured by the preference formula over profiles in our framework.
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Appendix A

Semantic Postulates

Semantics Exact k& | Faithfulness | Stability
" Global-Topk | v/ (1) VIx (5) v (9)
PT-k x (2) V'Ix (6) v (10)
U-Topk x (3) vV Ix(T) v (11)
U-kRanks x (4) x (8) x (12)

T Postulates of Global-Topk semantics are proved under gen-

eral scoring functions with Equal allocation policy.

Table A.1: Postulate Satisfaction for Different Se-

mantics in Table 3.1

The following proofs correspond to the numbers next to each entry in the above table.
Assume that we are given a probabilistic relation R? = (R, p,C), a non-negative integer k

and an injective scoring function s.

Exact k

(1) Global-Topk satisfies Exact k.

We compute the Global-Topk probability for each tuple in R. If there are at least &
tuples in R, we are always able to pick the & tuples with the highest Global-Topk

probability. In case when there are more than k£ — r + 1 tuple(s) with the rth highest
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Global-Topk probability, where r = 1,2. .., k, only kK —r + 1 of them will be picked

nondeterministically.

(2) PT-k violates Exact k.

Example 6 illustrates a counterexample in a simple probabilistic relation.

(3) U-Topk violates Exact k.

Example 6 illustrates a counterexample in a simple probabilistic relation.

(4) U-kRanks violates Exact k.

Example 6 illustrates a counterexample in a simple probabilistic relation.

Faithfulness

(5) Global-Topk satisfies Faithfulness in simple probabilistic relations while it violates

Faithfulness in general probabilistic relations.

(5a) Simple Probabilistic Relations

By the assumption, t; >, ¢, and p(t1) > p(t2), so we need to show that
Py s(t1) > Py s(ta).

For every W' € pwd(RP) such that ¢ € ally, (W) and t; ¢ ally (W), obviously
t, ¢ W. Otherwise, since ¢, > to, t; would be in ally, s(W). Since all tuples are
independent, there is always a world W' € pwd(RP), W' = (W\{ts}) U {t1}
and Pr(W') = Pr(W)&88eL Since p(ti) > p(ta), Pr(W’) > Pr(W).
Moreover, t; will substitute for ¢, in the top-k answer set to W', It is easy to
see that a(¢;, W') = 1 in W' and also in any world W such that both ¢, and ¢,
are in ally, (W), a(ty, W) = 1.

Therefore, for the Global-Topk probability of ¢; and ¢, we have
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Pes(tz) = > abW)PrW)+ > ats, W)Pr(W)

Wepwd(RP) Wepwd(RP)
tleallk,s(W) t1$allk75(W)
tgeallkys(W) tzeallkys(W)
< > P+ > Pr(W)
Wepwd(RP) W'epwd(RP)
tleallk,S(W) tleallk,s(W’)
tacally (W) tog W'
= > at,WPrW)+ > alty, W)Pr(W’)
Wepwd(RP) W’epwd(RP)
tleallkys(W) t1€allk73(W/)
thallk,s(W) t2$W’
< D) o, WPrW)+ Y alt, W) Pr(W)
Wepwd(RP) W’epwd(RP)
tleallk,s(W) tleallkYS(W’)
t2€allk,S(W) t2$WI
+ > alt, WPr(W”)
W"epwd(RP)

tleallkYS(W”)

toeW?”

t2$allk,s(wﬂ)
= Pps(th).

The equality in < holds when s(¢,) is among the & highest scores and there are
at most k tuples (including ¢,) with higher or equal scores. Since there is at

least one inequality in the above equation, we have

Pk,s(tl) > Pk,s(tZ)-

(5b) General Probabilistic Relations
The following is a counterexample.
Say k =1, R = {t1,...,to}, t1 >5 ... >5 tg, {t1,..., 17,19} are exclusive.
p(t;) =0.1,i=1...7,p(ts) = 0.4, p(te) = 0.3.
By Global-Topk, the top-1 answer is {to}, while tg >, tg and p(ts) > p(to),

which violates Faithfulness.

(6) PT-Fk satisfies Faithfulness in simple probabilistic relations while it violates Faithful-
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ness in general probabilistic relations.

For simple probabilistic relations, we can use the same proof in (5) to show that PT-%
satisfies Faithfulness. The only change would be that we need to show P ;(t1) > p;
as well. Since Py s(t2) > p, and Py s(t1) > Py s(t2), this is obviously true. For
general probabilistic relations, we can use the same counterexample in (5) and set

threshold p, = 0.15.

(7) U-Topk satisfies Faithfulness in simple probabilistic relations while it violates Faith-

fulness in general probabilistic relations.

(7a) Simple Probabilistic Relations

By contradiction. If U-Topk violates Faithfulness in a simple probabilistic re-
lation, there exists R? = (R, p,C) and exists ¢;,t; € R, t; >, t;,p(t;) > p(t;),
and by U-Topk, ¢; is in the top-%k answer set to P under the scoring function s

while t; is not.

S is a top-k answer set to R” under the function s by the U-Topk semantics,
t; € Sandt; ¢ S. Denote by () s(S) the probability of S under the U-Topk

semantics. That is,

Qrs(S) = >, Pr(W).
Wepwd(RP)
S:topk,s(w)
For any world W contributing to Q. 5(5), t; ¢ W. Otherwise, since t; > t;,
t; would be in topy, ;(W'), which is S. Define a world W’ = (W\{¢;}) u {t;}.
Since t; is independent of any other tuple in R, W' € pwd(RP) and Pr(W') =
Pr(W) 58803 Moreover, topy (W) = (S\{t;}) U {ti}. Let 8’ = (S\{t;}) u

{t;}, then W’ contributes to Q. s(S").
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Qus(S) = >, Pr(v)
Wepwd(RP)
S’:topk’s(W)

Y, Prinih) v {t))

Wepwd(RP)
S:tOPk,s(W)

\Y

Wepwd(RP) ﬁ(tz)p(tj)
S:topk,s(w)

_MWHY) s by
p(t:)p(t;) Wepwd(RP)
S=t0pk,s(W)

which is a contradiction. The last inequality holds because p(t;) > p(t;).
(7b) General Probabilistic Relations

The following is a counterexample.
Say k = 2, R = {t1,ta,t3,t4}, t1 > to >, t3 >, t4, t; and t, are exclusive, t3
and t,4 are exclusive. p(t1) = 0.5, p(t2) = 0.45, p(t3) = 0.4, p(t4) = 0.3.
By U-Topk, the top-2 answer is {t1,t3}, while to >, t3 and p(ts) > p(t3),
which violates Faithfulness.

(8) U-kRanks violates Faithfulness.

The following is a counterexample.

Say k = 2, RP is simple. R = {tl,tgﬂfg}, t1 >5 tg >4 U3, p(tl) = 048,p(t2) =
0.8, p(ts) = 0.78.

The probabilities of each tuple at each rank are as follows:
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t t t3

rank 1 0.48 0416 0.08112
rank2 0  0.384 0.39936
rank3 0 0 0.29952

By U-kRanks, the top-2 answer set is {t1, t3} while t5 > t3 and p(t2) > p(t3), which

contradicts Faithfulness.

Stability

(9) Global-Topk satisfies Stability.

In the rest of this proof, let A be the set of all winners under the Global-Topk seman-

tics.

Part I: Probability.

Case 1: Winners.

For any winner ¢ € A, if we only raise the probability of ¢, we have a new
probabilistic relation (RP)" = (R,p’,C), where the new probability function
p' is such that p'(t) > p(t) and for any ¢’ € R, t" # t,p'(t') = p(t'). Note
that pwd(R?) = pwd((RP)’). In addition, assume t € C};, where C; € C. By
Global-Topk,

PE®) = > at,W)Pr(W)
Wepwd(RP)
teallka(W)

and

py P'(t)
RO = 3 alt WPV
Wepwd(RP) p
teallk75(W)
pl(t) RP
= pRy).
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For any other tuple t' € R, t' # t, we have the following equation:

. p'(t)
P = 3 alt.WPr(W) TS
Wepwd(RP) p
t'eally, (W), teW

C j—

+ Z a(t', W)Pr(W)—-—=
Wepwd(RP) c—p(t)
t'eally, o(W), t¢W
(CA\EHA W=7

+ > a(t', W)Pr(W)

Wepwd(RP)
teally, J(W), t¢W
(CA\{tHnW#P

/
t
i) > w)Pr(W)
p( ) Wepwd(RP)
t'eally (W), teW
+ > a(t', W)Pr(W)

Wepwd(RP)
t'eally (W), t¢W
(CMtHn W=

+ > a(t', W)Pr(W))
Wepwd(RP)

t'eally, (W), tgW
(CA\{tH)nW =

N

/
t) Sre
= W pe)
p(t) "
where ¢ = 1 — > cc 1y P(L").
Now we can see that, ¢’s Global-Topk probability in (R?)" will be raised to
P'(t)

exactly 0] times of that in R under the same weak order scoring function s,

and for any tuple other than ¢, its Global-Topk probability in ( R”)’ can be raised
to as much as % times of that in R” under the same scoring function s. As a
result, P,Eﬁp)/ (t) is still among the highest k& Global-Topk probabilities in (RF)’
under the function s, and therefore still a winner.

Case 2: Losers.

This case is similar to Case 1.

Part II: Score.
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Case 1: Winners.

For any winner ¢ € A, we evaluate R” under a new general scoring function s’.
Comparing to s, s" only raises the score of ¢. That is, s'(t) > s(¢) and for any
t'e R, t' #t,5'(t') = s(t'). Then, in addition to all the worlds already rotally
(.e., a(t,W) = 1) or partially (i.e., a(t,W) < 1) contributing to ¢’s Global-
Topk probability when evaluating RP under the function s, some other worlds
may now totally or partially contribute to ¢’s Global-Topk probability. Because,
under the function s, ¢ might climb high enough to be in the top-k answer set
of those worlds. Moreover, if a possible world W contributes partially under
scoring function s, it is easy to see that it contributes totally under scoring

function s’.

For any tuple ¢” other than ¢ in R,

(i) If s(t") # s(t), then its Global-Topk probability under the function s’ either
stays the same (if the “climbing” of ¢ does not knock that tuple out of the

top-k answer set in some possible world) or decreases (otherwise);

(i) If s(t") = s(t), then for any possible world W contributing to t"”’s Global-

Topk under scoring function s, a(t”, W) = ’%a, and now under scoring

function &', o/ (", W) = E2L < E-4 — (" W). Therefore the Global-

Topk of t” under scoring function s’ is less than that under scoring function

5.
Consequently, ¢ is still a winner when evaluating RP under the function s'.
Case 2: Losers.
This case is similar to Case 1.
(10) PT-k satisfies Stability.
In the rest of this proof, let A be the set of all winners under the PT-k semantics.

Part I: Probability.

Case 1: Winners.
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Case 2:

For any winner ¢ € A, if we only raise the probability of ¢, we have a new
probabilistic relation (R?)" = (R, p’,C), where the new probability function
p' is such that p’(t) > p(t) and for any ¢’ € R, ¢’ # t,p'(t') = p(t'). Note
that pwd(RP) = pwd((R?)"). In addition, assume ¢ € C}, where C; € C. The
Global-Topk probability of ¢ is such that

PE®t) = > Pr(W)=p.
Wepwd(RP)
tetopy, s(W)

and

RPY p'(t)
P @) = ) Priw) e
Wepwd(RP) p
tetopy,s(W)

p/(t) RP RP
= —<P(t) > P (t) = pr.
(t) k, ( ) k, ( )

Therefore, P,gfp),(t) is still above the threshold p,, and ¢ still belongs to the

top-k answer set of (1R”)’ under the function s.

Losers.

This case is similar to Case 1.

Part II: Score.

Case 1:

Case 2:

Winners.

For any winner ¢ € A, we evaluate R? under a new scoring function s’. Compar-
ing to s, s’ only raises the score of ¢. Use a similar argument as that in (9) Part II
Case 1 but under injective scoring functions, we can show that the Global-Topk
probability of ¢ is non-decreasing and is still above the threshold p... Therefore,

tuple ¢ still belongs to the top-k answer set under the function s'.

Losers.

This case is similar to Case 1.
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(11) U-Topk satisfies Stability.
In the rest of this proof, let A be the set of all winners under U-Topk semantics.

Part I: Probability.

Case 1: Winners.

For any winner ¢ € A, if we only raise the probability of ¢, we have a new
probabilistic relation (R?)" = (R, p',C), where the new probabilistic function
p' is such that p'(t) > p(t) and for any t' € R,t' # t,p'(t') = p(t'). In
the following discussion, we use superscript to indicate the probability in the
context of (R?)’. Note that pwd(RP) = pwd((RP)").

Recall that () s(A;) is the probability of a top-k answer set A, < A under
U-Topk semantics, where t € A;. Since t € Ay, 275(At) = Qk,s(At)%.
For any candidate top-k answer set B other than A, i.e., 3W € pwd(RP), topy (W) =
B and B # A;. By definition,

Qk,s (B) < Qk,s (At) .

For any world W contributing to Q. s(B), its probability either increase %

times (if ¢ € W), or stays the same (if t ¢ W and 3¢’ € W, ¢’ and t are exclusive),

or decreases (otherwise). Therefore,

Q./Ic,s(B) < Qk,S(B)

Altogether,

—
—

p'(t

(1)

Pt
p(t)

Q.+(B) < Qrs(B) < Qrs(Ar) = Qp.s(Ar).

g

Therefore, A, is still a top-k answer set to ( RP)’ under the function s and ¢ € A;

is still a winner.

Case 2: Losers.
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It is more complicated in the case of losers. We need to show that for any loser
t, if we decrease its probability, no top-k candidate answer set B; containing ¢
will be a new top-k answer set under the U-Topk semantics. The procedure is
similar to that in Case I, except that when we analyze the new probability of

any original top-k answer set A;, we need to differentiate between two cases:

(a) t is exclusive with some tuple in A;, or ¢ has a score higher than that of

some tuple in A;;

(b) t is independent of all the tuples in A; and ¢ has a score lower than that of

every tuple in A;.

It is easier with (a), where all the worlds contributing to the probability of A;
do not contain ¢. In (b), some worlds contributing to the probability of A;
contain ¢, while others do not. And we calculate the new probability for those
two kinds of worlds differently. As we will see shortly, the probability of A; is
non-decreasing in either (a) or (b).

For any loser t € R,t ¢ A, by applying the technique used in Case I, we have
a new probabilistic relation (RP)" = (R,p’,C), where the new probabilistic
function p’ is such that p/(t) < p(t) and for any ¢’ € R,t' # t,p'(t') = p(t').
Again, pwd(RP) = pwd((RP)").

For any top-k answer set A; to RP under the function s, A; < A, and therefore
the loser t ¢ A; by definition. Denote by S 4, all the possible worlds contributing
to Qks(A;). Based on the membership of ¢, S4, can be partitioned into two

subsets S%. and S, .

Sa, = {W|W € pwd(RP), topy s(W) = A;};
Sa, =S4 vSL S Sy =,
VW e S teWand VW e S t¢ W.

Qus(A)= > Pr(W)+ > Pr(W)
Wepwd(RP) Wepwd(RP)
Wesy, Wesii
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In case (a), Sf% = . For any world W € Sgi, its probability is unchanged if it
contains one of t’s exclusive tuples, and is increasing if it does not contain any

tuple from the part C; where ¢ belongs.

/
—p(t

Wepwd(RP) Wepwd(RP) c— p( )
wesh .CinW#g Wesh, ConW =0

> > Pr(W) + > Pr(w)
Wepwd(RP) Wepwd(RP)
Wwesh .CinW#g WeSh CinW=g

= Qus(4).

where ¢ =1 — > ccp 4y P()-
In case (b), t is independent of all the tuples in A; and has a score lower than

that of every tuple in A;. In this case,

2 wepwd(rr) Pr(W)
WeSii B p(t)
ZWszgd(R”) Pr(W) 1 —p(t)
wes),
and
Pt
G4 = X Pt
Wepwd(RP) p
wesy,
1—p/'(t
oY P _p((t))
Wepwd(RP) p
Weszi
= Z Pr(W)
Wepwd(RP)
WESAi
= Qu.(A).

We can see that in both cases, Q). (A;) = Qr s(As).

Now for any top-k candidate answer set containing ¢, say B; such that B; &€ A,
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by definition, Q. s(B:) < Qr.s(A;). Moreover,

' (B, = Pt
Qk,s(Bt) - Qk,s(Bt) p(t) < Qk,s(Bt)~

Therefore,

Q;C,S(Bt) < Qk,s(Bt) < Qk,s(Az) < Q;g,s(Az)

Consequently, B, is still not a top-k answer set to (R?)" under the function s.
Since no top-k candidate answer set containing ¢ can be a top-k answer set to

(RP)" under the function s, ¢ is still a loser.

Part II: Score.

Again, A; € Ais atop-k answer set to R under the function s by U-Topk semantics.

Case 1:

Case 2:

Winners.

For any winner ¢ € A;, we evaluate RP under a new scoring function s’. Com-
paring to s, s’ only raises the score of ¢. That is, s'(t) > s(t) and for any
t' e R,t' # t,s'(t'") = s(t'). In some possible world such that W € pwd(RP)
and topy s(W) # A;, t might climb high enough to be in topy ¢ (W). Define T

to the set of such top-k candidate answer sets.

T = {topg,s (W)W € pwd(R"),t ¢ topy s(W) At € topys(W)}.

Only a top-k candidate set B; € T" can possibly end up with a probability higher
than that of A; across all possible worlds, and thus substitute for A; as a new
top-k answer set to RP under the function s’. In that case, ¢ € Bj,sotisstill a

winner.

Losers.

For any loser t € R,t ¢ A. Using a similar technique to Case I, the new scoring
function s is such that s'(¢) < s(t) and for any t' € R, t' # t,s'(t') = s(t').
When evaluating R? under the function ', for any world W € pwd(RP) such

that ¢ ¢ topy s(W), the score decrease of ¢ will not effect its top-k answer
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set, i.e., topy,y (W) = topys(W). For any world W € pwd(RP) such that
t € topys(W), t might go down enough to drop out of topy » (V). In this
case, W will contribute its probability to a top-k candidate answer set without
t, instead of the original one with ¢. In other words, under the function ¢,
comparing to the evaluation under the function s, the probability of a top-k
candidate answer set with ¢ is non-increasing, while the probability of a top-k

candidate answer set without  is non-decreasing'.

Since any top-k answer set to R under the function s does not contain ¢, it
follows from the above analysis that any top-% candidate answer set containing
t will not be a top-k answer set to RP under the new function s, and thus ¢ is

still a loser.

(12) U-kRanks violates Stability.

The following is a counterexample.

Say k = 2, RP is simple. R = {tl,tg,tg}, t1 > to >4 t3. p(tl) = Og,p(tg) =

t1 to t3
rank 1 0.3 0.28 0.126
rank2 0 0.12 0.138
rank3 0 0 0.036

By U-kRanks, the top-2 answer set is {ty, t3}.

Now raise the score of ¢35 such that t; >, t3 >y to.

t 1y t
rank 1 0.3 0.21 0.196
rank2 0 0.09 0.168
rank3 0 0 0.036

"Here, any subset of R with cardinality at most k that is not a top-k candidate answer set under the

function s is conceptually regarded as a top-k candidate answer set with probability zero under the function

S.
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By U-kRanks, the top-2 answer set is {¢1,t2}. By raising the score of ¢, we actually

turn the winner ¢3 to a loser, which contradicts Stability.
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Appendix B

Proofs

B.1 Proof for Proposition 3.3.1

Proposition 3.3.1. Given a simple probabilistic relation R? = (R, p,C) and an injective
scoring function s over RP, if R = {ty,t,... t,} and t, >ty >, ... > t,, the following

recursion on Global-Topk queries holds.

0 E=0

q(k,i) = { p(t:) 1<i<k
p(ti—

(q(k,i— 1)p( i-1) +q(k—1,i—1))p(t;) otherwise

p(ti-1)
where q(k,i) = Py s(t;) and p(t;—1) = 1 — p(t;—1).
Proof. By induction on £ and .
e Base case.
- k=0

For any W € pwd(RP), topy s(W) = . Therefore, for any t; € R, the Global-
Topk probability of ¢; is 0.

—k>0andi=1

t1 has the highest score among all tuples in R. As long as tuple ¢; appears in a

possible world W, it will be in the topy, s(W). So the Global-Topk probability
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of ¢; is the probability that ¢; appears in possible worlds, i.e., g(k, 1) = p(ty).

e Inductive step.

Assume the theorem holds for 0 < k < kg and 1 < i < 4y. For any W € pwd(RP),

ti, € topy, s(W) iff t;, € W and there are at most ky — 1 tuples with a higher score

in W. Note that any tuple with score lower than the score of ¢;, does not have any

influence on ¢(ko, ig), because its presence/absence in a possible world will not affect

the presence of ¢;, in the top-k answer set of that world.

Since all the tuples are independent,

q(ko,i0) = p(ti,)

> Pr(W).

Wepwd(RP)

|{t|t€W/\t>St¢0 H<k0

(1) q(ko,io + 1) is the Global-Topk, probability of tuple ¢;,. 1.

Q(k()’ iO + ]‘)

> Pr(W)
Wepwd(RP)
tig+1€toprg,s(W)
tiO Etopko .S (W)

> Pr(W)
Wepwd(RP)
Lig+1€L0pL s w)
tig€W, tigEtopr,s(W)

Z Pr(W).
Wepwd(RP)
tig+1€toprg,s(W)
tig W

For the first part of the left hand side,

2

Wepwd(RP)

Lig+1€topry,s(W)
ti() etopko—l,s (W)

PT(W) = p(ti0+1)q(l{?0 - 17 Zo)

The second part is zero. Since t;, > ti +1, if t;;11 € topy, s(W) and t;, € W,

then ¢;, € topg, s(W).

The third part is the sum of the probabilities of all possible worlds such that



tio+1 € W,t;, ¢ W and there are at most ky — 1 tuples with score higher than

the score of ¢;, in WW. So it is equivalent to

p(tio-i-l)}_?(tio) Z PT(W)
|{t|t€W/\t>st1‘0 H<k0
q(k()’ ZO)

p(tio)

= p(tior1)D(ts,)

Altogether, we have

q(ko, io + 1)

Pty — o) + p(tml)p(uo)q;@;s)
, \ D(tiy)
= (q(ko — 1,10) + q(ko, ZO)M)]?(%H)-

(2) q(ko + 1,1ip) is the Global-Top(ko + 1) probability of tuple ¢;,. Use a similar
argument as above, it can be shown that this case is correctly computed by

Equation (3.3) as well.

B.2 Proof for Theorem 3.3.2

Theorem 3.3.2 (Correctness of Algorithm 1™). Given a simple probabilistic relation
R? = (R,p,C), a non-negative integer k and an injective scoring function s over RP,

Algorithm 1™ correctly finds a Global-Topk top-k answer set.

Proof. In every iteration of Step (2), say ¢t = ¢;, for any unseen tuple ¢, s’ is an injective
scoring function over RP, which only differs from s in the score of ¢. Under the function
s, t; >g t >¢ t; 1. If we evaluate the top-k query in RP under the function s’ instead of s,

Ppy(t) = I%U P. On the other hand, for any W € pwd(R?), the fact that W contributes
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to Py s(t) implies that W contributes to P «(t), while the reverse is not necessarily true.
So, we have P ¢ (t) = P s(t). Recall that p > p(t), therefore UP > ’%UP =Dy(t) =
Py (t). The conclusion follows from the correctness of the original TA algorithm and

Algorithm 1. 0

B.3 Proof for Proposition 3.3.2

Lemma B.3.1. Let R? = (R,p,C) be a probabilistic relation, s an injective scoring
function, t € R, and EP = (E,p"¥ CF) the event relation induced by t. Define QP =
(E —{te,},p",CF — {{te,}}). Then, the Global-Topk probability of t satisfies the follow-
ing:
P () =plt) D, Pr(W).
r&;jzzzd(@’)

Proof. Givent € R, k and s, let A be a subset of pwd(RP) such that W € A & t €
topr,s(W). If we group all the possible worlds in A by the set of parts whose tuple in W

has a score higher than that of ¢, then we will have the following partition:
A:AluAQU...UAq,AZ‘ﬁAj :@,'L¢]

and
VA'UVWDWQ € A7,7/L = 172a"'7q7

{C]Ht, S Wl M Cj,t, > t} = {C]Ht/ S W2 M Cj,t, > t}
Moreover, denote C'har Parts(A;) to A;’s characteristic set of parts.

Now, let B be a subset of pwd(QP), such that W, € B < |W,| < k. There is a bijection
g :{A4;|A; € A} — B, mapping each part A; in A to a possible world in B which contains

only tuples corresponding to the parts in A; ’s characteristic set.
g(A;) = {tecj |C; € CharParts(A;)}.

The following equation holds from the definition of an induced event relation (Defini-
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tion 3.3.1).

Z PT(W) — p(t) H p(teci) H (1_p(teci))

WeA; CieCharParts(A;) CieC—{Ciq(n)}

Ci¢CharParts(A;)
= p(t)Pr(g(4)).
Therefore,

Pt = ZPT(W)=Z( Pr(W))

i=1 i=1

= p(t) >, Pr(W.) (gis abijection)

]

Proposition 3.3.2 (Correctness of Algorithm 4). Given a probabilistic relation RP =
(R, p,C) and an injective scoring function s, for any t € RP, the Global-Topk probability
of t equals the Global-Topk probability of t., when evaluating top-k in the induced event

1

relation EP = (E,p”,C") under the injective scoring function s¥ : E — R, s"(t.,) = %

and " (te., ) = i:

P (t) = Pl (te,)-

Proof. Since t., has the lowest score under the function sP, for any W, € pwd(E?), the

only chance t., € topy, ;= (W,) is when there are at most % tuples in IV, including t.,.
VW, € pwd(EP),t., € topy s(We) < (te, € We A [We| < k).
Therefore,

te,€We n|We|<k
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In the proof of Lemma B.3.1, B contains all the possible worlds having at most k — 1

tuples from E — {t.,}. By Definition 3.3.1,

Y, Priw)=pt) Y, Pr(W)).

te, EWe A|We|<k WleB

By Lemma B.3.1,

p(t) Y, Pr(W)) =BT

Consequently,

P (t) = Pl (te,)-

B.4 Proof for Proposition 4.2.1

Proposition 4.2.1 (Correctness of Algorithm 5). Let RP = (R, p,C) be a simple proba-
bilistic relation where R = {tq,...,t,}, t1 >5 to >, ... >4 t,, k a non-negative integer
and s a scoring function. For every t; € R, the Global-Topk probability of t; can be com-

puted by the following equation:
k—1 :
P R (t
PE0) = 3] Ty - P ()
k=0

where RE(t,) is RP restricted to {t € R|t ~ t;}.

Proof. Given a tuple t; € R, let Ry be the support relation R restricted to {t € R|t 0 t,},
and R} be RP restricted to Ry, where 6 € {>, ~, <, <} (subscript s omitted). Similarly, for
each possible world W € pwd(RP), Wy = W n Ry.

Each possible world W € pwd(RP) such thatt, € ally, (W) contributes min(1, %5%) Pr(W)
probability to P[%(t;), where a = |W. | and b = [W_|.
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k—a

P (1) > min(1, T)PT(W)
Wepwd(RP),t,eW
Wy |=a,0<a<k—1
[W.|=b,1<b<m
k—1 m E—a
>0 Tmin(1, ; ) > Pr(W))
a=0b=1 Wepwd(RP),t,eW
W |=a,|Wa|=b
k—1 m kE—a
Z Z min(1, T)( Z Pr(w.) Z Pr(W.))
a=0b=1 W epwd(RY) W<epwd(RE ),t;,eW<
W |=a W |=b
k—1 m kE—a
Z( Z Pr(W.) Zmin(l, b )( 2 Pr(W)))
a=0 W, epwd(RY) b=1 W<epwd(RE),t;eW<
W |=a (W~ |=b

k—1 m kL—a
D (Tofiy >, minL, ) > Pr(w.) > Pr(W.))
a=0 b=1 W.epwd(RP,),t;eW. W«epwd(RY)

|W-|=b
k—1 m E—a
Z(Ta,[iz] Z min(L b )( Z PT(W~)))
a=0 b=1 W.epwd(RP.),t;eW~

|We|=b
k—1 :
> Tugin - B (1)
a=0

where m is the number of tuples tying with ¢, (inclusive), i.e., m = |RE(t;)|. O

B.5 Proof for Proposition 4.3.1

Proposition 4.3.1. Given a probabilistic relation R? = (R, p,C) and a scoring function s,

foranyt € RP, the Global-Topk probability of t equals the Global-Topk probability of t., .

when evaluating top-k in the induced event relation EP = {(E,p¥ C¥) under the scoring

function s¥ : E > R, s¥(te,.) = 1, s¥(te, ) = 1, §(tee, ~) = 5 and s"(te,, ) =i

P (t) = Pilop(te,~).
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Proof. Similar to what we did in the proof for Lemma B.3.1, we are trying to create a
bijection.

Givent € R, k and s, let A be a subset of pwd(RP) such that W € A < t € ally s(W).
If we group all the possible worlds in A by the set of parts whose tuple in W has a score

higher than or equal to that of ¢, then we will have the following partition:
A:AluAQU...UAq,AZ‘ﬁAj :@,'L¢]

and
VAiavwlaWQ € Azal = ]-727' - 4,

{Cio |3 e Wy nCjt >t} ={C; |3 e Wan Cj, t' >4 t}
and
{C; 3t e Wy nCj,t" ~5t} ={C; |3t e Wy n Cj, t" ~5 t}.
Moreover, denote C'har Parts(A;) to A;’s characteristic set of parts. Note that every W e

A, has the same allocation coefficient «(t, W), denoted by «;.

Now, let B be a subset of pwd(E?), such that W, € B < t., . € all; s(W,). There is
a bijection g : {A;|A; € A} — B, mapping each part A; in A to the a possible world in B

which contains only tuples corresponding to parts in A; ’s characteristic set.
g(A;) = {tecj7>|Cj7> € CharParts(A;)} v {tecj,~|C-,~ € CharParts(A;)}

Furthermore, the allocation coefficient a; of A; equals to the allocation coefficient

a(te,~, g(A;)) under the function s”.
The following equation holds from the definition of an induced event relation under

general scoring functions (Definition 4.3.1).

N Pr(w) = I Plteg, ) 1] Pltec, ~)

WeA; Cy,~€CharParts(A;) C;,~€CharParts(A;)

I1 (1 = pltec, ») = pltec, ~))

Ci,~¢CharParts(A;)
Cy,~¢CharParts(A;)

= Pr(g(A)).
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Therefore,

P (t) = Z a(t, W)Pr(W) = (o Z Pr

= ZazPT Za err~r §(Ai)) Pr{g(Ai))

= Z a(te, ~, We)Pr(W.) (g is abijection)
WeeB

= PksE( 8t~)'

q

1

B.6 Proof for Theorem 4.3.1

Theorem 4.3.1. Given a probabilistic relation R? = (R, p,C), a scoring function s, t € RP,
and its induced event relation E¥ = (E,p¥ CF), where |E| = 2m, the recursion in Table
4.1 onu(K',i,b) and u.(K',i,b) holds, where by, is the number of tuples with a positive
probability in E. The Global-Topk probability of t., . in EP under the scoring function

s¥ can be computed by the following equation:

PksE( ) = PksE( )

bmax K ktb-l 4. (K —b)
= (K omd) + Y (K, m b)) (48)
b=1 k'=1 K =k+1

Proof. Equation (4.8) follows from Equation (4.6) and Equation (4.7) as it is a simple
enumeration based on Definition 4.1.1. We are going to prove Equation (4.6) and Equation
(4.7) by an induction on .

e Basecase: i = 1,0 < k' <mand 0 < b < byax

When i = 1, based on the definition of u, the only non-zero entries are u. (1, 1,0)

and u.(1,1,1). By definition, u. (1,1,0) is the probability sum of all possible
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worlds which contain ¢; .. and do not contain ?; .. The second requirement is re-
dundant since those two tuples are exclusive. Therefore, it is simply the probability
of ¢, .. Similarly, by definition, u.(1,1,1) is the probability sum of all possible
worlds which contain ¢; . and do not contain ¢; ... Again, it is simply the probability
of t .. It is easy to check that no possible worlds satisfy other combinations of £’

and b when ¢ = 1, therefore their probabilities are 0.

Inductive step.

Assume the theorem holds for ¢ < 79, 0 < K/ < mand 0 < b < byax, Where

Denote by E'. [;; and E . [;] the set of the first ¢ tuples in .. and E.., respectively.

For any W € pwd(EP), by definition, 1V contributes to u..;. (k', io, b) iff ;... € W
A |W M (E>7[i0] \ E~7[i0])| =k A |W M EN,[i0]| = b. Since E>,[i0] M E~,[i0] = @,

we have:

W contributes to u..;(K',i0,b) < tig»/n € W AW A E,_ i =K —ba|Wn
Bl = b.

(1) us(K',i9 + 1,b) is the probability sum of all possible worlds W such that
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ti0+1,> eW A |W M E>7[i0+1]| =k —bAa |W M E~,[i0+l]| =b.

us (k') ig +1,b) = > Pr(W)
Wepwd(EP) tiy+1,-€W
WAES [ig+1)|=k b
IWnE_ [ig+11]=b

_ Z Pr(W (Since t; 41~ € W,

Wepwd(EP) tig11,~€W tigt1,~ € W)
‘WHE>7UO] ‘=k}/—1—b
[WnEL |i5)|=b

= > Pr(w)
Wepwd(EP)
tig+1,>€EWtiy > €W
‘WHE>,[1'O] ‘=k/—1—b
[WnEL [i5)=b

+ > Pr(W)
Wepwd(EP)
Lig+1,>€EWiti ~ €W
WAEs [j)|=k ~1-b
WAE.L [;]|=b

+ > Pr(W)

Wepwd(EP)

tig+1,>EWitiy »&Witi, ~EW
‘W0E>7[i0] ‘=k/—1—b
WAE. ;7=

For the first part of the left hand side,

2 Prv) = pltee) ), Pr(W)

Wepwd(EP) Wepwd(EP)t;,,~eW
ti0+17>€W,ti0’>€W |WﬁE>7[io]|:k,*1*b
‘WmE>7[iO]‘=k/—1—b |W0E~,[i0]|:b
‘Wmev[io] |=b

Ptig1)us (K" — 1,49, b).
For the second part of the left hand side,

2 Prv) = pltee) ), Pr(W)

Wepwd(EP) Wepwd(Ep),tioyweW
t1;0+17>€W,ti07~€W |W0E>,[i0]|:k,_1_b
‘WHE>7[i0]‘:klflfb |WmE~$[i0]|:b
‘WQE~,[7LO] |=b

= p(tigr1)u~(k —1,i0,b).
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For the third part of the left hand side, if p(t;, ~.) + p(t;,.~) = 1, then there is

no possible world satisfying this condition, therefore it is zero. Otherwise,

Z Pr(W) = plti+1) Z Pr(W) (B.1)

Wepwd(EP) Wepwd(EP)
tig+1,>€W tig,>EWitio,~¢W
t¢0,>¢W,ti0,~$IjV |WOE>7[iO]|:klflfb
}xmgx[io]}:g —-1=b |WOE~,[i0]|:b

NE~ Tip] 1=

Equation (B.1) can be computed either by Equation (B.2) when p(t;,, >) > 0
or by Equation (B.3) when p(t;,, ~) > 0 and b < by,.. Notice that at least one
of p(t;,, >) and p(t;,, ~) is positive, otherwise neither tuple is in the induced

event relation &P according to Definition 4.3.1.

> Pr(W)
Wepwd(EP)
Lig,>FWitig,~¢W
|WﬁE>’[i0] |=k2,—1—b

|WmE~’[i0]|=b
1 - p(tio >) - p(tio ~)
= ’ ’ Pr(W
Pltin) 2, ")

Wepwd(EP),ti,, ~eW
[WAE, [557=Fk —b
[WnEL [5,|=b

1 _p(tio >) _p(tio ~) /-
= ’ —us (k' 10, 0). (B.2)
Pltiar) (¥ 40,0)

> Pr(W)
Wepwd(EP)
lig,>EW tig,~EW
|WﬁE>A’[i0] |=k}’—1—b

[WnEL [5,|=b
1 —p(tiy») — p(tip.~)
= ’ : Pr(W)
p(tio,N) Z

Wepwd(EP)t;,,~eW
WAES [ig)|=k—1-b
‘WﬂE~7[i0]|=b+1
1 —p(t; — p(ti, ~ .
= 1oplr) = plc) g o), (8.3)
p(ti0,~)
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2)

A subtlety is that when p(t;,,>) = 0 and b = by, neither Equation (B.2) nor
Equation (B.3) applies. However, in this case, one of the conditions in Equation
(B.1) is that [W N E_ ;)] = b = byax, which implies ig = m. Otherwise, the
world W does not have enough tuples from £.. On the other hand, we know
that 79 < m — 1. Therefore, there are simply no possible worlds satisfying the

condition in Equation (B.1), and Equation (B.1) equals 0.

Altogether, we show that this case can be correctly computed by Equation (4.6).
u~(k',i9 + 1,b) is the probability sum of all possible worlds W such that
tigyie €E W AW N E, [ig117] = K —b A W E_ 41| = b. Using a
similar argument as above, it can be shown that this case is correctly computed

by Equation (4.7) as well.
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Appendix C

Postulates Satisfaction of Global-TopkB

Semantics Exact k | Faithfulness | Stability | Sens. to Prob. | Sens. to Score

Global-Topk” | V(1) VIx(2) v (3) v (4) v (5)

Table C.1: Postulate Satisfaction for Global-Topk”® (3 > 0) in Table 5.1

Proof. The following proofs correspond to the numbers next to each entry in the above
table.
Assume that we are given a probabilistic relation R? = (R, p, C), a non-negative integer

k, an injective scoring function s and 5 > 0.

(1) Global-Topk? satisfies Exact k

This is obvious. The proof is similar to that of Global-Topk. The only difference here
is that in Global-Topk”, the measure for each tuple is Global-Topk? value instead of
Global-Topk probability.

(2) Global-Topk” satisfies Faithfulness in simple probabilistic relations while it violates
Faithfulness in general probabilistic relations.
Simple Probabilistic Relations

For every 5 € (0, 1], by the assumption, ¢; >, t5 and p(t;) > p(t2), so we need to
show that v, (t1) > vj [(t2), i.e. Pes(ti)s(t1)? > Pos(tz)s(tz)®. By the Faithful-

ness of Global-Topk in simple probability relations, we know that Py 4(t1) > Py s(t2)
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3)

in this case. Since 1 > s(t;) > s(t3) = 0, and the function f(x) = x” is increasing

on (0, 1] when 3 > 0, the conclusion follows.
General Probabilistic Relations

We show that for every 5 > 0, there is always an instance, i.e. a probabilistic rela-
tion and a non-negative integer k, where the Faithfulness postulate is violated. The

construction is as follows.

For a given (3, choose three positive number s,,x, S, and s, such that ;. > 5, > Sp.
Then, choose p, and p;, such that 0 < p, < p, < @ It is easy to verify that
Sh

such p, and p, always exist. Let a positive integer m = 2 + [ppb(l_—’s’i)ﬁ].
@ Smax+1

Say k = 1, R = {tl, C. ,tm,Q,tmfl,tm}, tl > .. g tm, S(tl) = SmaX,S(tmfl) =

Sa, $(tm) = Sy, and {t1, ..., tym_o,t,} are exclusive. p(t;) = gf;,i =1...m—2,

P(tm—1) = Da» p(tm) = pp.

By Global-Topk”, the top-1 answer is {t,,} because
(i) fort,, 1,since 0 < py < pg < @ we have v,’f,s(tm,l) = Pos(tm 1)s(tm 1)’ =

Papyst < (1= pa)pesy = v o(tm);
(i) forevery 1 <i<m — 2, U]f,s(ti) = Pi(t;)s(t;)’ = =5 (1 — pa)s(t;)”. Since

m =2+ —rPe o p(t) = P2 < p oy (—22—-)P. Therefore, v,ﬁs(ti) =

a
papb(srnzﬁ)ﬁ ’ m—2 Smax+1

p(t)s(t:)? < p(t) (smax + 1) < papp(sa)” = v (tm1).

However, t,, 1 > t,, and p(t,, 1) > p(t,,), which violates Faithfulness.

Global-Topk” satisfies Stability.
Part I: Probability.
Case 1: Winners.

For any winner ¢ € A, if we only raise the probability of ¢, we have a new probabilistic
relation (RP)" = (R, p/,C), where the new probability function p’ is such that p'(t) >
p(t) and for any t' € R,t' # t,p'(t') = p(t'). Similar to the proof of Faithfulness
of Global-Topk, we have P,gjp),(t) = Mp,fﬁ (t). For any tuple ¢’ € R other than

= p()
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4)

&)

t, we have P,Sjp)l (t) < ’;’ (%) P (t'). Since scoring function s remains the same, if
v,’f,’fp (t) is among the k highest Global-Topk” values under RP, so is U,f”f *(t) under
(RF).

Case 2: Losers. s This case is similar to Case 1.

Part II: Score.

Case 1: Winners.

For any winner ¢t € A, we evaluate R? under a new general scoring function s’.
Comparing to s, s’ only raises the score of ¢. That is, s'(t) > s(t) and for any
t'e Rt # t,s'(t") = s(t'). The proof of the Faithfulness for Global-Topk shows
that the Global-Topk probability of ¢ is non-decreasing while that of t' € R, ' # ¢,
is non-increasing. As the Global-Topk? value is positively correlated to both the
Global-Topk probability and the score, U,ffp (t) is still among the & highest under

function s’.
Case 2: Losers.

This case is similar to Case 1.

Global-Topk” satisfies Sensitivity to Probability.

We are going to show that if R” is sufficiently large, for every t € R — U Ansy, s(RP),
there is a p/, such that t € U Ansgs((RP)’), where (RP) = (R,p/,C). Pick any
t € R— U Ansi(RP). Since RP is sufficiently large, such ¢ always exists. Let

the world {¢} have probability po such that 75 < po < 1 under (RP)'. We

o
can always achieve this by setting p/(t) close to 1, and for each part C; € C not
containing , setting ;... (p'(t')) close to 0. Since ¢t is the top-1 tuple in the world
{t} and s(t") € (0,1], for every t” € R,t" # t, we have v,/i’s(Rp),(t) > po(s(t))? >
1—po = (1—po)(s(t")’ = v,’f”ng),(t” ). Therefore, t has the highest Global-Topk”

value under (RP)" and is in U Ansy s((RP)’).

Global-Topk” satisfies Sensitivity to Score.

We are going to show that if R” is sufficiently large, for every t € R — U Ansy, s(RP)

under function s, there is a function s', such that ¢t € U Ansy ;(R?) under function
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s'. Pick any t € R — U Ansy (RP). Since RP is sufficiently large, such ¢ always
exists. Let s/'(t) = 2, and for every ¢’ € Rt # ¢, §'(t) = %p(t)%. Notice that s'(t')

is well-defined as 8 > 0. Since s'(t) = 2 > ¢ > %p(t)% = s'(t'), t is in the topk set

of every possible world containing it. Therefore, U,f’s, (t) = p(t)s'(t)?. Furthermore,
ve o (t) = p(t)s' (1) > p(t)(3)° = () = p(t)s'(t')"

the highest Global-Topk” value under function s” and is in U Ansy, ¢ (RP).

vl ,(t"). Therefore, ¢ has
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